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AbstractÐ Multimedia traf®c can typically tolerate someloss but has
rigid delay constraints. A natural QoSrequirement for a multimedia con-
nection is a prescribed bound on the the fraction of traf®c that exceeds
an end±to±enddelay limit. We proposeand analyzea traf®c management
schemewhich guaranteesQoSto multimedia traf®cwhile simultaneouslyal-
lowing for a large connection±carryingcapacity. Westudy our traf®c man-
agementschemein the context of a single node. In order for the node to
guaranteeQoS,eachconnection's traf®c is regulated. In order to support
many connections,the link statistically multiplexesthe connections'traf®c.
The schemeconsistsof (i) cascadedleaky±bucketsfor traf®c regulation,(ii)
smoothersat the ingresses,and (iii) bufferlessstatisticalmultiplexing within
thenode.For this schemeweshowthat lossprobabilitiesareminimized with
simpleone±buffersmootherswhich operateat speci®cminimum rates. We
alsoshowthat the worst±caseinput traf®c is extremal on±off traf®c for all
connections.Thesetwo resultslead to a straightforward schemefor guar-
anteeingQoSto regulatedtraf®c. UsingMPEG videotraces,wepresentnu-
merical resultswhich demonstratethe methodology. Finally, we compare
the bufferlessschemewith buffered statistical multiplexing.

KeywordsÐ Bufferless Multiplexing, Call Admission Control, Multime-
dia Traf®c,RegulatedTraf®c,StatisticalMultiplexing, StatisticalQoS,Traf-
®cSmoothing.

I . INTRODUCTION
�

VER thepasttenyears,signi®cantresearcheffort hasad-
dressedthe important problem of guaranteeingQoS to

multimediatraf®cin a packet±switchednetwork. Thegoalhas
beento developtraf®cmanagementschemesthatallow for high
link utilizationswhile simultaneouslyguaranteeingthattheQoS
requirementsof the ongoingconnectionsaremet. It is gener-
ally agreedthat high link utilizationscanonly be achievedby
allowing traf®c to be statisticallymultiplexed, i.e., by allow-
ing eachconnection's traf®cto havea smallamountof lossand
exploitingthestatisticalindependenceof theconnections'traf-
®c [1][2][3][4]. It is also the view of many researchersthat
QoScanonly be guaranteedby requiringthe traf®cto be reg-
ulated(e.g.,by leakybuckets)at theedgesof thenetwork[5][6]
[7][8][9][10][1 1].

In recentyearsthe problemof providingQoSguaranteesto
regulatedsourceswhicharestatisticallymultiplexedin ashared
buffer hasbeencarefullystudied[9][10][11]. Theexistingso-
lutions,however, do not extendto thenetworkenvironmentin
a satisfactorymanner. Also in recentyears,theproblemof pro-
viding end±to±enddeterministicguaranteesto regulatedtraf®c
in networkshasbeenadequatelysolved[12][13][7][8]. Thede-
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terministicQoS guarantees,however, typically imply a small
connection±carryingcapacityfor networkswith burstymultime-
dia traf®c. In this paperwe lay the groundworkfor a traf®c±
managementarchitecturethat providesend±to±endstatistical
QoSguarantees.We focusourattentionto anetworkconsisting
of asinglenodein thispaper. Weextendthetraf®cmanagement
to networksin asubsequentpaper[14].

In thispaperwe view traf®cas¯uid. The¯uid model,which
closely approximatesa packetizedmodel with small packets,
permitsus to focuson thecentralissuesandsigni®cantlysim-
pli®esnotation.Wesupposethatthetraf®csentinto thenodeby
eachconnectionis regulatedby a connection±speci®ccascade
of leaky buckets. A cascadeof leaky bucketsis moregeneral
thanthetwo±leaky±bucketregulator, commonlyusedin thelit-
erature[9][10], andcanmoreaccuratelycharacterizea source's
traf®c. Moreover, cascaded±leaky±buckettraf®ccaneasilybe
policed. For admissioncontrol,all that we know abouta con-
nection's traf®cis its regulatorconstraintde®nedby its cascade
of leakybuckets;in particular, wedonothaveavailablestatisti-
cal characterizationsof thetraf®c.

We alsoassumethat the following naturalQoSrequirement
is in force: the fractionof traf®cthat exceedsa speci®cdelay
limit mustbe below a prescribedbound. Traf®cwhich over-
¯ows atabuffer is consideredashavingin®nitedelay, andthere-
foreviolatestheQoSrequirement.Importantly, wepermiteach
connectionto haveits own limit on thenodaldelayandits own
boundonthefractionof traf®cthatexceedsthisdelaylimit. This
QoSrequirementis particularlyappropriatefor multimediatraf-
®c,wherebytimestampinganda playoutbuffer canensurethe
continuousplayoutof videoor audiowithout jitter.

Giveneachconnection's traf®ccharacterizationandits QoS
requirement,we addressthe following problem: How should
we managethe traf®c and perform admissioncontrol in or-
der to guaranteeQoS while maintaininga large connection±
admissionregion?We advocatethefollowing simpleandprag-
maticscheme:����� smootheachconnection's traf®cat thecon-
nection's input as muchas allowedby the connection's delay
constraint;������� employbufferlessstatisticalmultiplexingwithin
thenode;��������� baseadmissioncontrolontheworst±caseassump-
tion that sourcesareadversarialto the extentpermittedby the
connection'sregulator, whileconcurrentlyassumingtheconnec-
tionsgeneratetraf®cindependently. Thisschemeenjoysthefol-
lowing features:



� Admissioncontrolis solelybasedon theconnections'reg-
ulatorparameters,which arepolicable. It is not basedon
morecomplex,dif®cult±to±policestatisticalcharacteriza-
tions.

� It allowsfor statisticalmultiplexingatthenodewhile meet-
ing theQoSrequirements.Thesmoothingat the input in-
creasesthestatisticalmultiplexinggain.

� It allowsfor per±connectionQoSrequirements:theconnec-
tionscanhavevastlydifferentdelayandlossrequirements.

� Becausethe multiplexing is bufferless, the switch re-
quiresonly smallinputbuffers(whentraf®cis packetized),
therebyreducingswitchcost.

� A connection's traf®ccharacterizationdoesnot changeas
thetraf®cpassesthroughthebufferlessmultiplexer.

It is this lastfeaturethatis particularlyusefulwhenextending
thetraf®cmanagementschemetoamultihopnetwork[14]. With
ourschemethetraf®cleavingthenetworknodeconformsto the
sameregulatorconstraintsasthetraf®centeringthenode.With
sharedbuffer multiplexersit is dif®cult (if not impossible)to
tightly characterizea connection's traf®concethetraf®cpasses
througha sharedbuffer.

Thispaperis organizedasfollows. In SectionII we formally
de®nethe cascadedleaky±bucketregulatorsand the QoS re-
quirement. In SectionIII we determinethe worst±casetraf®c
for a single±linkandoutlineour smoothingandadmissioncon-
trol procedure.We alsoconsidergeneralsmoothersandshow
that the optimal smootheris a single±buffer smootherwhich
smoothestraf®casmuchasthedelaylimit permits.In SectionIV
we presentnumericalresultsusingMPEG±encodedtraces. In
SectionV wecompareourschemeto designsbasedonbuffered
statisticalmultiplexing.We concludein SectionVI.

I I . REGULATED TRAFFIC AND THE QOS REQUIREMENT

In thispaperwefocusonasinglenodeconsistingof abuffer-
lessmultiplexerthat feedsinto a link of capacity

�

. We view
traf®cas¯uid, i.e., packetsarein®nitesimal.Considera setof

�

connections.Eachconnection� hasan associatedregulator
function,denotedby ��� ����� , �
	�� . Theregulatorfunctioncon-
strainsthe amountof traf®c that the � th connectioncan send
into thenodeoverall timeintervals.Speci®cally, if 
�� ����� is the
amountof traf®cthatthe � th connectionsendsto thenodeover
theinterval � ������� , then 
�� ��� � is requiredto satisfy


�� ������� ����
�� ��� �! "��� ����� for all �#	"���$�%	"��& (1)

A popularregulatoris thesimpleregulator, which consistsof a
peak±ratecontrollerin serieswith a leakybucket;for thesimple
regulator, theregulatorfunctiontakesthefollowing form:
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Foragivensourcetype,theboundonthetraf®cprovidedby the
simpleregulatormay be looseandleadto overly conservative
admissioncontrol decisions.For manysourcetypes(e.g., for
VBR video),it is possibletogetatighterboundonthetraf®cand
dramaticallyincreasetheadmissionregion. In particular, regu-
lator functionsof theform
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areeasilyimplementedwith cascadedleakybuckets;it is shown
in (see[6]) that the additionalleaky bucketscan lead to sub-
stantiallylargeradmissionregionsfor deterministicmultiplex-
ing. We shallshowthatthis is alsotruefor statisticalmultiplex-
ing. Throughoutthis paperwe assumethat eachregulatorhas
the form (2). Without lossof generalitywe may assumethat
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of notation,weset 1:�C'D1�=:?
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. Notethatfor connection±� traf®c,
thelong±runaveragerateis nogreaterthan18� andthepeak±rate
is nevergreaterthan 1

3

�

.

Eachconnectionalsohasa QoSrequirement.In this paper
we considera QoSrequirementthat is particularlyappropriate
for multimediatraf®c,suchasaudioandvideotraf®c. Speci®-
cally, eachconnectionhasaconnection±speci®cdelaylimit and
aconnection±speci®clossbound.DenoteE:� andF�� for thedelay
limit andlossboundfor the� thconnection.Any traf®cthatover-
¯ows at a buffer is consideredto havein®nitedelay, andthere-
foreviolatesthedelaylimit. TheQoSrequirementis asfollows:
for eachconnection� , thelong±runfractionof traf®cthatis de-
layedby morethan EG� secondsmustbelessthan F�� .

This QoSrequirementcanassurecontinuous,uninterrupted
playbackfor a multimediaconnectionasfollows. Eachbit (or
packetfor packetizedtraf®c)is time±stampedat thesource.If a
bit from connection� is time±stampedwith value H , thebit (if
not lost in thenode)arrivesat thereceiverno laterthan HI�JE8� .
Thereceiverdelaysplayoutof thebit until time HK�*E8� . Thus,
by includingabuffer ateachreceiver, thereceivercanplayback
a multimediastreamwithout jitter with a ®xeddelayof E8� and
with bit lossprobabilityof atmost F4� .

Thestrategythatwetakein thispaperis to passeachconnec-
tion's traf®cthroughasmootherat theconnection's input to the
node.Wedesignthesmootherfor the � th connectionsothatthe

� th connection'straf®cis neverdelayedatthesmootherby more
than EL� . After havingsmootheda connection's traf®c,we pass
the smoothedtraf®cto the node. At the link the connection's
traf®cis multiplexedwith traf®cfrom otherconnections.The
secondaspectof our strategyis to removeall of the buffers in
thenode;thatis,weusebufferlessstatisticalmultiplexingrather
thanbufferedmultiplexingbeforethelink. In our ¯uid model,a
connection's traf®cthatarrivesto a bufferlesslink either¯ows
throughthelink withoutanydelayor over¯owsat thelink, and
thereforehasin®nitedelay. In orderto satisfythe � th connec-
tion's QoSrequirement,it thereforesuf®cesthatthefractionof
connection±� traf®cthatover¯owsthelink belessthanFM� . Also,
if the lossat the link is small,we canreasonablyapproximate
a connection's traf®cat the outputof the multiplexerasbeing
identical to its traf®cat the input to the multiplexer. In other
words,a connectionthatsatis®estheregulatorconstraint�6� �����

at the input of the nodesatis®esthe sameregulatorconstraint
��� ����� at theoutputof the node. Our schemeextendstherefore
in astraightforwardmannerfrom asinglenodeto ageneralnet-
work of bufferlessmultiplexerswith smoothersat the network
ingresses[14]. Ourapproachis illustratedin Figure1.

Forthesmootheratthe � thconnection'sinput,initially weuse
a buffer which servesthetraf®cat rate NPO

�

. Whenthesmoother
buffer is nonempty, traf®cis drainedfrom thesmootherat rate

N2O

�

. Whenthesmootherbuffer is emptyandconnection±� 'straf-
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Fig. 1. Thetraf®cof the 
 th connectionis characterizedby theregulatorfunc-
tion �
������� . The traf®cis passedthrougha smootherwith rate ���

�

andthen
multiplexedontoa link with capacity� .

®cisarrivingataratelessthanNPO

�

, traf®cleavesthesmootherex-
actlyat therateatwhichit entersthebuffer. For the¯uid model
andQoScriterionof thispaperweshallshowthatmorecomplex
smoothersconsistingof cascadedleakybucketsdonot improve
performance.

Usingthe theorydevelopedin [15], it canbeshownthat the
maximumdelayat thesmootheris
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Also, becausethe bufferlessmultiplexerandlink introduceno
delays,traf®cfrom the � th connectionthat ¯ows throughthe
nodewithout losshasthemaximumdelayof thesmoother. We
setthesmootherrateto
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sothatthetraf®cthatpassesthroughthenode(i.e., traf®cwhich
doesnotover¯ow at thelink) is notdelayedby morethan E8� . It
is straightforwardto showfrom (4) thatthesmootherratecanbe
expressedas

N

O

�

'*)����

�����

��� �����

EL�%�J�

& (5)

I I I . GUARANTEEING STATISTICAL QOS

We focusin this paperon a singlelink with
�

connections.
Connection� hasa regulatorconstraintfunction ��� ����� andQoS
parametersEL� and F�� . Now regardthe � th arrival processasa
stochasticprocess.Let ��
�� �����4� � 	 � � denotethe � th arrival
process,andlet ��
�� ���4�*) �4� � 	 � � denotea realizationof the
stochasticprocess.Also let + �����(' ��


3

�����4�<&<&<&2��
,� ������� , andlet
�-+ �����4�K�K	 � � be theassociatedvectorstochasticarrival pro-
cess.We saythat the vectorarrival process�-+ �����4�#� 	$� � is
feasibleif ����� thecomponentarrival processes��
C� �����4�
�
	 � � ,

� '/.G�<&<&<& �

�

, areindependent,and ������� for each� '/.G�<&<&<& �

�

,
eachrealization ��
�� ���4�*) �4�#�#	$� � satis®esthe regulatorcon-
straint


�� ���������*) �>��
�� �����*) �% J��� ����� for all �#	D��� �%	D��& (6)

Denote 0 for the set of all feasiblevector arrival processes
�-+ �����4�(�%	D� � .

Our®rstgoalis to developastraightforwardprocedureto de-
terminewhethertheQoSrequirementsaremet for all possible
feasiblestochasticarrival processes.For a ®xedfeasiblevector
arrival process�-+ �����4����	 � � , let 1�� ����� be the rateat which
traf®cfrom the � th connectionleavesthe associatedsmoother
at time � , andlet 1�� bethecorrespondingsteady±staterandom
variable.Considermultiplexingthe traf®cstreams1(� �����4� ��'

.G�<&<&<& �

�

ontoa bufferlessmultiplexerof rate
�

. Thelong±run
averagefractionof traf®clostby connection� is
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In the de®nitionof
2

3 465 7
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7:9;9
� � � we makethe naturalassumption

thattraf®clossat thebufferlessmultiplexeris split betweenthe
sourcesin amannerproportionalto therateatwhichthesources
sendtraf®cinto themultiplexer. Notethat
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of lossfor eachindividualconnection.
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� � � is anappealingperformancemeasure,we

havefoundit tobemathematicallyunwieldy. Insteadof
2

3 465 7

8

7:9;9
� � �

weshallwork with aboundon
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3 465 7
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7:9;9 � � � which is moretractable
and which preservesthe essentialcharacteristicsof the origi-
nal performancemeasure.Noting that the term in the expec-
tation of the numeratorof equation(7) is non±zeroonly when
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In mostpracticalcircumstancesthe QoSrequirementspeci®es
traf®clossto beminiscule,on theorderof F4� 'R.2�(SUT or less.
Thusweexpecttheboundto beverytight: duringtherareevent
when @
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. Henceforth,we focuson thebound
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� � � , andwerefer
to
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� � � asthelossprobabilityfor the� thconnection. Weem-
phaziseherethatthebound(8) is acrucialandimportantstepfor
the techniquestakenin this paper. To our knowledge,no other
authorshavemadedirectuseof thisimportantbound.In Section
5 weprovidenumericalresultswhichshowthat
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nearlyequalto theactuallossprobability
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By takingthesupremumoverall thefeasiblevectorstochastic
processes,weobtainthefollowing worst±caselossprobabilityof
the � th connection:V
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If

V

O

�

 F�� for all �#'/.G�<&<&<& �

�

, thentheQoSrequirementsare
guaranteedtobemetfor all feasiblevectorarrivalprocesses,that
is, for all independentarrivalprocesseswhosesamplepathssat-
isfy theregulatorconstraints.In our strategy, at connectionad-
missionwe determinewhether
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�

will continueto hold whenaddingthenewconnection.If not,
the connectionis rejected. Thus,we needto developan ef®-
cientmethodto computethebounds
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. As a ®rststep
in computingthesebounds,weneedto explicitly determinethe
randomvariables1

3

�<&<&<& �D1\� thatattainthesupremumin (9).
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Also let �
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�<&<&<&<��� � beindependentrandomvariableswith �P� uni-
formly distributedover � ���
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�4� . Let ��� ����� beadeterministicperi-
odic functionwith period
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Thuseachcomponentarrival process��
C� �����4� ��	 � � is gen-
eratedby a periodicon±off source;the � th processhaspeak±
rate1

3

�

andaveragerate1:� . By sendingeachcomponentprocess
��
�� �����4�I� 	 � � into its respectivesmoother, we obtainanon±
off processwhosepeak±rateis NPO

�

andwhoseaveragerateis 1:� .
Also, the componentprocessesare independent;thusthe vec-
tor arrival processproducesthe steady±staterandomvariables
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at thesmootheroutputs.
It remainsto showthat eachrealizationof ��
C� �����4� � 	 � �

satis®estheregulatorconstraint(6). It followsimmediatelyfrom
thede®nitionof �4� ����� that
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The®rstinequalityfollows from (10)andfrom thefact thatthe
averagerateof �4� ����� overanyperiodof length

�

� is 1G� . Thesec-
ond inequalityfollows becausetheslopeof �>� ����� is neverless
than 1G� . This establishes(11). Finally because�M� ����� is non±
increasingovereachof its periods,wehave
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Combining (11) and (12) proves that each
realizationof ��
�� �����4�K�#	 � � satis®esthe regulatorconstraint
(6).

Wenowshowthattherandomvariables1
O

3

�<&<&<&<�D1
O

�

attainthe
supremumin (9). This resultwill leadto a simpleprocedurefor
calculatingtheworst±caselossprobabilities
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end,we will needto makeuseof a conceptfrom stochasticor-
dering.A randomvariable� is saidto besmallerthanarandom
variable� in thesenseof theincreasingconvexstochastic(ics)
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All feasiblevectorarrival processesin 0 give steady±staterate
variablesthatbelongto ' . Let �A1
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Fix � , with .  �  
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, and considerthe randomvector
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and (16� ' 16� for �-, ' � . Note
that �)( 1
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Considerthecase�3, ';� . Let 4 'H1 � 15 �� 16� . Let E7658 ��� �

and E76

F
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��� � bethedistributionfunctionsfor 4 and 1 � . Noting
that 1+ , 16� and 4 areindependent,wehave
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anincreasing,convexfunctionin H for each®xed: and; . Thus,
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(1+ (e.g.,seeProposition1.5.1in [16]), wehave
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for all : and ; . Combiningtheabovetwo equationsgives
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Combiningtheabovetwo equationsgives(14) for ��'"� .
Thus(14)holdsfor all �%' .G�<&<&<& �

�

. Therefore,startingwith
the original vector �A1

3

�<&<&<&<�D1\� �1.�' we canreplace1

3

with
1 O

3

andobtaina newvectorin ' suchthat(14) holds. Rename
this newvectoras �A1

3

�<&<&<& �D1\� � . We canrepeattheprocedure,
thistimereplacing1

7

with 1
O

7

, andagainobtaininganewvector
in ' suchthat(14)holds.Performingthis procedurefor all �%'

.G�<&<&<& �
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gives(13).
Usingthefact that 1 O

�

is aBernoulli randomvariable,weob-
tain from Theorem1 thefollowing expressionfor theboundof
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We cancomputetheseboundsdirectlyby convolvingthedistri-
butionsof the independentrandomvariables.An ef®cientap-
proximateconvolutionalgorithmis presentedin [17]. We can
alsoobtainanaccurateapproximationfor theright±handsideof
(15)by applyinglargedeviationtheoryto theexpectationin the
numerator:To thisendlet
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 � is the logarithm of the momentgenerating
functionfor 1

O

B . We de®ne

1

O

'

�

B�� C

�

1

O

B

&

Notethat
�

F

�

��
 � '

�

B�� C

�

�

F

�

I

��
 �

by theindependenceof the 1 O

B 's. Thelargedeviation(LD) ap-
proximationgivesthefollowing approximationfor
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The LD approximationis known to be very accurate[1], [4],
[18], [9], [19] andis alsocomputationallyveryef®cient.Weuse
theLD approximationfor thenumericalstudiesin thispaper.

In summary, (15) is a simpleexpressionfor the worst±case
loss probability

V

O

�

; this simple expressioninvolves the inde-
pendentBernoulli randomvariables1,O

3

�<&<&<&<�D1 O

�

, whosedistri-
butionswe know explicitly. TheLD approximationfor (15) is
highly accurateandis easilycalculated.For admissioncontrol,
we advocateusing the LD approximationto calculate

V

O

�

and
thenverifying theQoSrequirement,i.e., verifying in real±time
whether

V

O

�

 "F�� for all � 'H.G�<&<&<& �

�

.
At thisjuncturewenotesomeimportantrelatedworkbyDoshi

[20]. Hestudiesworst±case,unsmoothedtraf®cthatmaximizes
anaggregatelossratio, wheretheaggregationis takenoverall
sources.For this criterionhediscoversa numberof anomalies;
in particular, extremalon±off sourcesarenotalwaysworstcase.
With our bound

2

8

7:9;9

� � � (8) the loss is maximizedby the ex-
tremalon±off sources,which greatlysimpli®esadmissioncon-
trol. Furthermore,asweshowin thispaper, smoothingof traf®c
cansigni®cantlyexpandtheadmissionregion.

A. TheOptimalSmoother

Up to this point we haveassumedthatthesmootherfor each
connection� consistsof asinglebuffer thatlimits thepeak±rate
of thesmootheroutputto NPO

�

. In this subsectionwe studymore
generalsmoothers,namely, smoothersthatconsistof a cascade
of leakybuckets.Thesmootherfor connection� , de®nedby a
function �0� ����� , constrainsthe amountof traf®cthat canenter
thenetworkoveranytime interval. Speci®cally, if � � ����� is the
amountof traf®cleavingsmoother� overtheinterval � ������� , then

��� ����� is requiredto satisfy

��� ������� �6����� ��� �! �� � ����� for all �%	D���>�#	"��&

We assumethroughoutthis sectionthat thesmootherfunctions
areof theform
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Thesepiecewiselinear, concavesmootherfunctionscanbeeas-
ily implementedby a cascadeof leaky buckets. The single±
buffersmootherde®nedin Section2 is aspecialcasewith � ��'

.G� 


3

�

'*� and �

3
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'*N2O
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.
We saythat a setof smoothers� �
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�����4�<& & & ��� � ������� is feasible
if the maximumdelay incurredat smoother� is  E:� for all
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studiedearlieris feasible. Now ®xa feasiblesetof smoothers
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nectionspassthroughthesesmoothers.Let
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betheassociatedworst±caselossprobability. Recallthat

V

O

�

is
thesameworst±caselossprobabilitybutwith thetraf®cpassing
throughthesetof smoothers��NPO

3

�4�<&<&<&<��N2O

�

��� . Theproofof thefol-
lowing resultis providedin theappendix.

Theorem2:

V

O

�

 

V

� for all � '?.G�<&<&<& �

�

. Thusthesingle±
buffer smootherswith NM� ' N2O

�

minimize the worst±caseloss
probabilityoverall feasiblesetsof smoothers.

It follows from Theorem2 thatthemorecomplexsmoothers
consistingof cascadedleaky bucketsdo not increasethe con-
nectioncarrying capacityof the network. Thus without loss
of performance,we mayusethesimplesmoothersof the form

��N

3

�4�<&<&<& ��N'�8��� . Furthermore,Theorem2 veri®esthe intuition
thatin ordertomaximizetheadmissionregionthesmootherrates
areassmallasthedelayconstraintspermit,that is, N<�,' N2O

�

for
� 'H.G�<&<&<& �

�

.

B. A Heuristicfor Finding a LeakyBucketCharacterizationof
PrerecordedSources

In thissubsectionwediscusshowto obtainagoodcharacteri-
zation ��� ����� of asourcefor agivenrestriction�%� onthenumber
of leakybuckets.For anygivencharacterization�>� ����� we use
at thenetworkedgea single±buffer smootherwith rate NLO

�

given
by (5). Our goal is to ®nda characterization�>� ����� that hasat
most � � slopes(i.e., �(� cascadedleakybuckets)andattemptsto
minimizeboth 1:� and N2O

�

. FromTheorem2 we know thatmin-
imizing 1G� and N2O

�

minimizestheworst±caselossprobabilities,
andtherebymaximizestheconnection±carryingcapacityof the
network.

We developtheheuristicfor determiningthecharacterization
��� ����� in thecontextof prerecordedsources.Thesesourcesin-
cludefull±lengthmovies,musicvideoclipsandeducationalma-
terial for video±on±demand(VoD) andothermultimediaappli-
cations.It is well knownhowtocomputetheempiricalenvelope
for prerecordedsources[6], [21]. Theempiricalenvelopegives
thetightestboundontheamountof traf®cthatcanemanatefrom
aprerecordedsourceoveranytimeinterval.Theempiricalenve-
lopeis howevernot necessarilyconcave,andthereforewe may
notbeabletocharacterizeit byacascadeof leakybuckets.How-
ever, applyingthealgorithmsof Knightly et al. [6] or Grahams
Scan[22], wecancomputetheconcavehull of theempiricalen-
velope. The concavehull for connection±� traf®c,denotedby
�

� ����� , takestheform
�
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Here,�I� denotesthenumberof piecewiselinearsegmentsin the
concavehull. Without lossof generalitywe mayassume5
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The numberof segmentsin the concavehull can be rather

large. TheªSilenceof TheLambsº videosegmentusedin our
numericalexperiments,for instance,hasaconcavehull consist-
ing of 39 segments.This impliesthat39 leakybucketpairsare
requiredto police the tightestconcavecharacterizationof the
ªSilenceof TheLambsº video segment.Our goal is to ®nda
moresuccinctcharacterizationof prerecordedsourcesin order
to simplify call admissioncontrolandtraf®cpolicing.

Supposethata sourceis allowedto use �%� ��� �

A

�I� � leaky
bucketsto characterizeits traf®c.Wenowpresentaheuristicfor

thefollowing problem:Givena source'sconcavehull
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��9 andthedelaylimit EG� , ®nd� � leakybuck-
ets(out of the � � leaky bucketpairsin the concavehull) that
maximizetheadmissionregion.

We illustrateour heuristicfor thecase�%� ' % . For � � ' %

thetraf®cconstraintfunctiontakestheform
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wherethe indices 	:� and ��� areyet to be speci®ed.Our strat-
egyis to ®rstchoosetheleakybucketthathasthetightestbound
on theaveragerate(i.e.,minimize 18� ), andthenchooseanother
leaky bucketwhich minimizesthe smootherrate NPO

�

. Let ����
��

�

denotetheaveragerateof theprerecordedsource.We foundin
ournumericalexperimentsthatsomeof theleakybucketpairsin
theconcavehull (particularlythosewith highindices)mayhave
slopes
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In words,we usethehighestindexedleakybucketwith a slope
largerthan ����
��

�

to specifythesources'averagerate.
In orderto ®ndthe leakybucketindexedby 	8� we consider
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smootherratesobtainedby combiningeachof theleakybuckets
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theindex � thatgivesthesmallestsmootherrateÐ andthusthe
largestadmissionregion. More formally, let N
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denotetheminimalsmootherratefor traf®cwith regulatorfunc-
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By (5) wehave
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We canobtainamoreexplicit expressionfor NPO
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Theexpressionsinsidethe )������ � � canbe furthersimpli®ed.It
canbeshownthat
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andset	G� to theindex
thatattainsthisminimum.



Wenowbrie¯y discusshowto®ndtheoptimalregulatorfunc-
tion consistingof 3 or moreleakybuckets.First,notethatthere

are �

��� � .

� � � .��

combinationsof leakybucketpairstoconsider.

This canbe computationallyprohibitive. The heuristiccanbe
spedup by consideringonly regulatorfunctionsconsistingof

� � � . consecutiveleaky bucketsof the concavehull andthe
leaky bucket ��5

�

?

�

1

�

?

�

� . In the case�(�D'�� , for instance,we
computetheminimalsmootherratesonly for theregulatorfunc-
tions ��� ������' ),+.-0/ 5
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A

����� . . This speed±upof theheuristiccanproducea
suboptimalregulatorfunction. Our numericalexperiments(see
SectionIV), however, indicatethatit workssurprisinglywell.

C. InteractionbetweenApplicationandNetwork

In this subsectionwe discusshow the responsibilitiesof
smoothing,call admissioncontrol and traf®cpolicing can be
sharedby theapplicationandthenetwork.Call admissioncon-
trol is theresponsibilityof thenetwork.Beforeacceptinganew
connection,thenetworkhasto ensurethattheQoSrequirements
continuetoholdfor all establishedconnectionsandthenewcon-
nection.Policingis alsoa networkresponsibility. Thenetwork
edgehasto policeall establishedconnectionsin orderto ensure
thatall connectionscomplywith their respectiveregulatorfunc-
tion advertisedat connectionestablishment.While call admis-
sion control andtraf®cpolicing areresponsibilitiesof the net-
work, smoothingcanbeperformedby eithertheapplicationor
thenetwork.Wereferto thecasewheretheapplicationperforms
thesmoothingandsendsthesmoothedtraf®ctothenetworkedge
asapplicationsmoothing. Thecasewheretheapplicationsends
its unsmoothedtraf®cto thenetworkedgeandthenetworkedge
performsthesmoothingis referredto asnetworksmoothing.

With application smoothing the application
internallysmoothesits traf®c. Basedon the regulatorfunction
of its traf®candthemaximumdelayit cantolerate,theapplica-
tion ®ndstheminimumsmootherrateby applying(5). Sincethe
smoothingis doneby theapplication,thereis noneedto reduce
thenumberof leakybucketsusedto characterizethe traf®cby
applyingtheheuristicoutlinedin SectionIII-B. Instead,thecon-
cavehull of aprerecordedsourceis useddirectlyfor dimension-
ing its smoother. Theapplicationadvertisestheregulatorfunc-
tion ��� �����(';),+.-�/ N2O

�

�4��5>=:?

�

� 1�=:?

�

��9 andthedelayboundEG�C'*�

to thenetwork.We remarkthatthisdualleakybucketregulator
functionhasbeenadoptedby theATM Forum[23] andis being
proposedfor theInternet[24]. Thenetworkdoesnothaveto be
awareof the smoothingdoneby the application. The network
edgedimensionsits own smootherbasedon �6� ����� and EL� ' � .
Since EL�"' � the networks'smootherdegeneratesto a server
with rate N O

�

precededby abuffer of sizezero.
With networksmoothingtheapplicationadvertisesits regula-

tor functionandmaximumtolerabledelayto thenetwork.Prere-
cordedsourcesapplytheheuristicof SectionIII-B whenthenet-
work restrictsthenumberof leakybucketsto a numbersmaller
thanthenumberof segmentsin theconcavehull. Thenetwork
edgedimensionsthe smootherbasedon the regulatorfunction
and delay boundsuppliedby the application. Call admission
controlisbasedontheassumptionof worst±caseon±off traf®cat

TABLE I

STATISTICS OF MPEG±1 TRACES.

Trace Mean(bit) Mean Peak/Mean
bits/frame kbits/sec

lambs 7,312 171.2 18.4
mr.bean 17,647 423.5 13.0

TABLE II

PARAMETERS OF THE OPTIMAL LEAKY BUCKET CHARACTERIZATION WITH

2 LEAKY BUCKETS AS A FUNCTION OF THE DELAY BOUND FOR THE LAMBS

TRACE. THE AVERAGE RATE IS CHARACTERIZED BY THE 34TH LEAKY

BUCKET, I .E., ��� ��	�

�����
� , WITH PARAMETERS ����� �������

� ��	�

�

��� ��!#"%$'& ( KBYTE

AND )'��� �������
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= 208.8 KBIT/SEC FOR ALL DELAY BOUNDS.
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sec. kByte kbit/sec kbit/sec
0 1 0 3474.8 3474.8

0.042 2 13.3 939.3 2535.5
0.125 2 13.3 939.3 939.0
0.250 4 23.5 802.2 801.9
0.500 8 43.5 711.0 710.8
1.000 10 69.9 676.9 674.7

thesmootheroutput.Thenetworkedgepolicestheapplications'
traf®cbeforeit entersthesmootheranddropsviolating traf®c.

IV. NUMERICAL EXPERIMENTS

In this sectionwe evaluatethe smoothing/bufferlessmulti-
plexingschemeproposedin thispaperusingtracesfrom MPEG
encodedmovies.In all experimentsweconsiderasinglebuffer-
lessmultiplexerwhich feedsinto a 45 Mbpslink. We obtained
the frame size traces,which give the numberof bits in each
video frame,from thepublic domain[25]. (We areawarethat
theseare low resolutiontracesand somecritical framesare
dropped;nevertheless,the tracesare extremelybursty.) The
movieswerecompressedwith theGroupof Pictures(GOP)pat-
tern IBBPBBPBBPBBat a framerateof 6 ' %/. frames/sec
[25]. Eachof the traceshas 0 = 40,000frames,correspond-
ing to about28 minutes. The meannumberof bits per frame
andthepeak±to±meanratioaregivenin TableIV. Let H

�

��� '

.G�<&<&<& �#0 , denotethesizeof the � th framein bits. We convert
thediscreteframesizetraceto a ¯uid ¯ow by transmittingthe

� th frameat rate H

�

6 overtheinterval � �K� .�� 6 ��� � 6�� .
We ®rstevaluatetheheuristicof SectionIII-B. We compute

theempiricalenvelopeandtheconcavehull of eachtraceusing
thealgorithmsof Knightly etal. [6]. Basedon theconcavehull
of eachvideo we computethe minimal smootherrate NLO

�

. We
alsoapplytheheuristicof SectionIII-B to theconcavehull in or-
derto ®ndtheoptimalleakybucketcharacterizationwith 2 and
moreleakybuckets.(We applythespeed±updescribedin Sec-
tion III-B for theleakybucketcharacterizationswith 3 or more
leakybuckets.)

The heuristicof SectionIII-B producedthe optimal leaky
bucketcharacterizationsgiven in TableII for the lambstrace.
Thetablegivestheindex 	
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�+*-,

9 andtheparametersof theleaky
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Fig. 2. Numberof video connectionsasa function of the delaybound. The
videosarecharacterizedbytheconcavehull or theoptimalleakybucketchar-
acterizationwith 2 leakybuckets.Theboundonthelossprobabilityis !����

�

.

bucket ��5

�

� �������

8

�+*-,

9

��1

�

� �������

8

�+*-,

9

� for variousdelaybounds. The aver-
agerateis characterizedby the34thleakybucketin theconcave
hull, i.e., �
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' � . , for all delaybounds.Thetablealsogives
theminimal smootherratesfor thevariousdelaybounds.For a
delayboundof zero,the smootherrateis setto the rateof the
®rstleakybucket,i.e., thepeak±rateof the trace. For E
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9 =
0.042sec� 'H.�� 6 � thetraceis characterizedby the2ndand34th
leakybucketof theconcavehull ( 	
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Assumingworst±caseon±off traf®c,thesmootheroutputsare

statisticallymultiplexedontothebufferlesslink asdiscussedin
theprevioussections.We set F4�
' .2�(S

�

for all connections.In
Figure2 weplot thenumberof admissiblevideoconnectionsas
a functionof thedelaybound. Thegraphgivesthenumberof
admissiblevideoconnectionswhenthevideosarecharacterized
by theconcavehull or theoptimalleakybucketcharacterization
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Fig. 3. Numberof lambsconnectionsasa functionof thedelayboundandthe
numberof leakybuckets(LB). Plotsshownarefor Knightly etal. (KLZ) and
ourapproach(RRR).

with 2 leakybuckets.We observefrom theplots that theopti-
mal leaky bucketcharacterizationwith 2 leakybucketsadmits
almostasmanyvideoconnectionsasthemoreaccurateconcave
hull characterization.Thecurvesfor 3ormoreleakybucketsco-
incidewith thecurvefor theconcavehull.

In the next experimentwe comparethe admissionregionof
our approachwith the admissionregionobtainedwith the de-
terministicadmissioncontrol conditionof Knightly et al. [6].
Note that the deterministicapproachof Knightly et al. is loss-
lessandguaranteesthatno bit is delayedby morethanthepre-
speci®eddelay limit in the multiplexerbuffer. Our approach,
on theotherhand,exploitsthe independenceof traf®cemanat-
ing from the

�

connections.Thevideosarepassedthroughsim-
ple smootherswith NM� ' N2O

�

. ThesmootheroutputsÐ assum-
ingworst±caseon±off traf®cÐ arethenstatisticallymultiplexed
ontothebufferlesslink, asdiscussedin theprecedingsections.
We set F�� ' .2�(S

�

for all connections.Lossesthis smallhave
essentiallyno impacton theperceivedvideoqualityandcanbe
easilyhiddenby errorconcealmenttechniques[26].

In Figure3 we plot thenumberof admissiblelambsconnec-
tions as a function of the delay bound. The graphgives the
numberof lambsconnectionsthatareadmittedwith theourap-
proach(RRR)when2 or 3 leakybuckets(LB) areusedto char-
acterizethe video trace. As we just sawin Figure2 the opti-
malleakybucketcharacterizationwith 3 leakybucketsadmitsas
manyconnectionsastheconcavehull, themostaccurate,con-
cavecharacterizationof the video; using more leaky buckets
doesnot increasetheadmissionregion. We alsoplot thenum-
berof lambsconnectionsthatareadmittedwith theapproachof
Knightly etal. (KLZ) when2, 3, 8 or 16 leakybucketsareused
to characterizethe trace. We observethat for delayson theor-
der of 0.5 secondsor more,the numberof admissibleconnec-
tionssigni®cantlyincreasesasthenumberof leakybucketsused
to describethetraceincreases.Theapproachof Knightly et al.
thusgreatlybene®tsfromamoreaccuratecharacterizationof the
videoÐ achievedby moreleakybuckets.

The main resultof this experiment,however, is that our ap-
proachallowsfor morethantwice thenumberconnectionsthan
doesthe approachof Knightly et al. For example,for a delay
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Fig. 4. Admissionregionfor themultiplexingof lambsandbeanconnections
overa45Mbpslink.

boundof 1.1 seconds,Knightly et al. admit69 connections( =
29.6% averagelink utilization)with 16leakybucketswhile our
approachadmits146 connections( = 62.7% averagelink uti-
lization)with 3 leakybuckets.We obtainthisdramaticincrease
in the admissionregionby exploiting the independenceof the
sourcesandallowingfor a smalllossprobability.

In Figure4 we considermultiplexing two differentmovies,
beansandlambs,eachwith its own delayconstraint.We again
assumea 45 Mbpslink. We usedelayboundsof E

8

�+*-,

9

' 125
msor 1.25secondsand E

, � �

4

' 125msor 1.25seconds,giv-
ing four combinations.Bothvideosarecharacterizedby 3 leaky
buckets.We assumethatbothvideoconnectionshavetheQoS
requirementthat the fractionof traf®cthat is delayedby more
thantheimposeddelaylimit is lessthan .2� S

�

. For theKnightly
et al. plot we useEarliestDeadlineFirst (EDF)scheduling.We
seethatfor all four cases,theadmissionregionfor ourapproach
is dramaticallylarger.

In Figure5 we comparetheactuallossprobability,
2

3 465 7

8

7:9;9 � � �

givenby (7) with ourboundfor lossprobability,
2

8

7:9;9

� � � , given
by (8). We obtain

2

3 465 7

8

7:9;9
� � � and

2

8

7:9;9

� � � by simulation,andas-
sumeworst±caseon-off traf®c. We alsoverify theaccuracyof
the largedeviationapproximationfor

2

8

7:9;9

� � � . In Figure5 we
plot thelossprobabilitiesasafunctionof thenumberof connec-
tionsbeingmultiplexedovera 45 Mbps link. We considerthe
scenariowherethevideoshaveadelayboundof 1secondandare
characterizedby 3 leakybuckets.We observethattheboundon
thelossprobability

2

loss� � � (solid line) tightly boundstheactual
lossprobability

2 info
loss � � � (dottedline). We alsoobservethat the

LD approximation(dashedline) closelyapproximatesthesimu-
lation results.

V. COMPARISON WITH BUFFERED STATISTICAL

MULTIPLEXING

Thenumericalresultsof theprevioussectionshowthatourap-
proachallowsfor dramaticallymoreconnectionsthanbuffered
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Fig. 5. Thesimulationveri®esthat theboundon the lossprobability � loss� 
��

tightly boundsthe actuallossprobability �

info
loss � 
�� . Theplots furthercon-

®rmtheaccuracyof theLargeDeviation(LD) approximation.Weuseade-
lay boundof 1 secondandcharacterizethevideosby 3 leakybuckets.The
link rateis 45 Mbps. Theplotsgive thelossprobabilityasa functionof the
numberof ongoingconnections.

deterministicmultiplexing. In this sectionwe brie¯y consider
bufferedmultiplexingwith anallowanceof smalllossprobabili-
ties,whichwereferto asbufferedstatisticalmultiplexing. Con-
sider the bufferedanalogyof the single-link bufferlesssystem
studiedin Section3. Thelink hascapacity

�

andis precededby
a ®nitebuffer of capacity� . Let thesame

�

connectionsarrive
to this system;speci®callythe

�

connectionsare independent
andthe � th connectionis regulatedby agivenregulatorfunction

��� ����� . Thetraf®cfromthe
�

connectionspassesdirectlyinto the
bufferedmultiplexer, i.e., thetraf®cis notpre±smoothedbefore
arrivingat thebuffer. Thisbufferedsystemis illustratedin Fig-
ure6. Assumingthattraf®cis servedFIFO,themaximumdelay
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Fig. 6. The traf®cof connection
 is characterizedby the regulatorfunction
�
�'����� andfeddirectly, i.e.unsmoothed,into abufferedmultiplexer.

in this systemis E*' � �

�

. Supposethat thebuffer over¯ow
probabilityis constrainedto benogreaterthan F .

It is a dif®cultandchallengingproblemto accuratelychar-
acterizetheadmissionregionfor a bufferedmultiplexerwhich
multiplexesregulatedtraf®candwhichallowsfor statisticalmul-
tiplexing. Elwalid et al. in [9] madesigni®cantprogressin this
direction. They considerthe bufferedmultiplexerfor the spe-
cial caseof regulatorswith two leakybuckets, i.e., for ��� ������'

),+.-�/21

3

�

�4� 5 � � 1G�<��9 . (In our numericalcomparisons,we ex-
tendtheir theoryto the caseof multiple cascadedleaky buck-
ets.) In orderto makethebufferedmultiplexermathematically
tractabletheyassigneachconnectionitsownvirtualbuffer/trunk
system.Eachvirtual buffer/trunksystemis allocatedbuffer �

���

�

andbandwidth�

���

� . Theallocationsarebasedon thebuffer and
bandwidthresources( � and

�

, respectively)andon the regu-
lator parameters( 1:� , 1

3

�

, and 5 � ) for the input traf®c. It turns
out thatthebandwidth�

���

� is exactlythe N
O

�

obtainedby setting
EL�C'*E,' � �

�

in (4). After someanalysisElwalid etal. obtain
the following boundon the fractionof time during which loss
occursat thebufferedmultiplexer:

2 EMW
loss '

2

�A1

O

3

�;�<�<� � 1

O

�

 

�

�4&

where1 O

3

�<&<&<& �D1 O

�

areexactlythesamerandomindependentran-
domvariablesthatoccurin Theorem1. (To calculatetheassoci-
atedN

O

3

�<&<&<&<��N
O

�

, set EL�C';EI'�� �

�

for eachconnection� .)
This observationindicatesthat the bufferlesssystemof this

paperhasremarkablysimilaritieswith the bufferedsystemin
[9]. Speci®cally, for a ®xedmaximumdelay E in thebuffered
system,we candesigna bufferlesssystemwith pre±smoothers
whichhasthesamemaximumdelayandwhichhasanadmission
regionbasedon the samesetof independentrandomvariables

1 O

3

�<&<&<&<�D1 O

�

. Thepre±smoothersessentiallyimplementthevir-
tualbuffer/trunksystemsintroducedbyElwalidetal. Foramax-
imumlossprobabilityof F theadmissionregionfor thebuffered
multiplexeris de®nedby

2

�A1

O

3

�;�<�<�P� 1

O

�
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�! DF

whereastheadmissionregionfor thebufferlesssystemis
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 DF2&

Althoughtheseadmissionregionsaredifferent,theyarebased
onexactlythesameindependentrandomvariables1,O

3

�<&<&<&<�D1 O

�

.
Thedifferencein theseadmissionregionsis anartifactof using
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Fig. 7. Numberof lambsconnectionsasa function of the delaybound. The
lambsvideois describedby 3 leakybuckets.Plotsshownarefor Elwalid et
al. (EMW) andourapproach(RRR).Thedifferencein thenumberof admis-
sibleconnectionsis dueto thedifferentnotionsof lossprobability.

two differentnotionsof lossprobability: while in thispaperwe
useªfraction of traf®clostº, thepaper[9] usesªthe fractionof
timeduringwhichlossoccursº.If thesamenotionsof losswere
used,thenthe admissionregionswould be identical. Figure7
givesthenumberof lambsconnectionsthatareadmittedwith the
approachof Elwalid et al. (EMW) [9] andour approach(RRR)
when3 leakybucketsareusedto characterizethetrace.We as-
sumea 45Mbpslink andset F��C' .2�(S

�

for all connections.
Thus,our bufferlesssystemhasessentiallythe sameadmis-

sionregionasthebufferedsystemin [9] for a ®xedworst±case
delay E and lossprobability F . While beingno moredif®cult
to performcall admission,webelievethatthebufferlesssystem
hassomeimportantadvantagesover the bufferedsystem: �����

no buffer is neededat the multiplexer(for packetizedtraf®c,a
relativelysmallbuffer wouldbeneeded);������� thebufferlessap-
proachallows for a per±connectionQoSrequirement,whereas
the bufferedsystemimposesthe sameQoSrequirementon all
connections;and ��������� , perhapsmostimportantly, networksare
quitetractablefor bufferlesslinks,aswecanreasonablyapprox-
imateaconnection'straf®cattheoutputof themultiplexerasbe-
ing identicalto its traf®cat theinput to themultiplexer.

On the otherhand,the bufferedsystemdoeshavesomead-
vantagesover the bufferlesssystem. First, althoughboth sys-
temshavethesameworst±casedelay, thebufferedsystemwill
havea loweraveragedelay. Second,theadmissionregionof [9]
canbeincreasedusingthetechniquesin [10] and[11] (attheex-
penseof a muchmorecomplicatedadmissionprocedure).Be-
causemultimediaapplicationsaretypically designedfor adelay
bound,andbecausetheaforementionedincreasein admissionre-
gionis typically small,wefeel thattheadvantagesof thebuffer-
lessapproachoutweightheadvantagesof thebufferedapproach.

VI . FINAL REMARKS

In thispaperwehaveconsideredtraf®cmanagementfor mul-
timedianetworkingapplicationswhichpermitasmallamountof
lossandsomeboundeddelay. We havearguedthat it is prefer-
ableto smooththe traf®cat the ingressandto performbuffer-
lessstatisticalmultiplexingwithin thenodethanto useshared±



buffer multiplexing. For our schemewe havedeterminedthe
worst±casetraf®candhaveoutlinedanadmissioncontrol pro-
cedurebasedon theworst±casetraf®c.We havealsoexplicitly
characterizedtheoptimalsmoother.

As pointedout in SectionIII-C the smoothingcan be per-
formedby eitherthenetwork(at thenetworkedge)or by theap-
plicationsthemselves.If theapplicationsperformthe smooth-
ing, thenanapplicationshouldsmooththetraf®casmuchasper-
mitted by the delayconstraint,andthe networkshouldoffer a
serviceto the applicationwhich guaranteesqueueing±freede-
lays(delaysonly dueto propagationandnodalprocessing)and
allowstheapplicationto specifya maximumtolerablelossrate.
Thenetworknodeshouldperformstatisticalmultiplexingin or-
derto maximizeits connection±carryingcapacity. To guarantee
QoS,admissioncontrolshouldsupposethatthetraf®cis adver-
sarialto theextentpermittedby theregulatorsandsmoothers.

Throughoutthis paperwe havestudieda single±nodenet-
work. A subsequentpaperaddresseshowtheschemecanbeex-
tendedto moregeneralnetworks[14].
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APPENDIX

Thepurposeof this appendixis to providea proof for Theorem
2. But ®rstweneedto establishtwo lemmas.

Lemma2: A necessaryconditionfor � �

3

�����4�<&<&<&<��� � ������� tobe
feasibleis �

3

�

	DN2O
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.
Proof: From [27], [28], [7] the maximum delay at
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wherethelastequalityfollows from (4).
Lemma3: Thereexistsa stochasticvectorarrival processin
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, wherethelast
inequalityfollows from thestabilitycondition.

Becauseof pagelimitations we omit the discussionof the
otherthreecasesidenti®edin TableIII. Theyaredealtwith in
a similar fashion;see[29] for details.

Proof of Theorem2: UsingLemma3 andmimickingtheproof
of Theorem1 weobtainV
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pression
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wherethelastinequalityfollows from Lemma2.
From(15)and(24) it remainsto showthat
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FromLemma2 andProposition1.5.1in [16]
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The inequality (25) follows from (26), the independenceof
1 O

3
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andanargumentthatparallelstheargumentin the
proofof Theorem1.
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