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Abstract

Isosurfaceextractionis oneof themostpowerful techniquesin the investigationof volumedatasets
in scientificvisualization.Thecontourtreeis a fundamentaldatastructurefor fastisosurfaceextraction,
andhasalsobeenusedto build userinterfacesto report the completetopologicalcharacterizationof
the isosurfacesembeddedin the volumedata,aswell asto simplify the volumedatato build a multi-
resolutionhierarchywhile preservingtheisosurfacetopologies.

In this paper, we presenta new output-sensitivealgorithm for computingthe contour tree. Our
algorithmis simple,andachievestheoptimalboundof �������
	���
���	�� in runningtimefor bothstructured-
andunstructured-gridvolumedatasets,where� is thenumberof cellsof theinput volume,and 	 is the
numberof critical pointsin theinput volume,which boundsthesizeof thecontourtree.Our algorithm
improvesthepreviousbestrunningtimeof ��������������������
������ givenin [5] for unstructuredgrids(where
� is thenumberof verticesof theinput volume),andasthealgorithmof [5], worksin all dimensionsas
well. Theexperimentsshow thattypically 	 is lessthan5%of theoverallnumber� of theinputvertices,
andthatour algorithmis 2 to 3 timesasfastasthepreviousbestalgorithm[5].

Keywords: Contourtree,output-sensitive algorithms,Morsetheory, isosurfacetopologies,isosurface
extraction,designandanalysisof algorithms,algorithmexperimentation,computergraphicsandscien-
tific visualization.
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1 Introduction
Isosurfaceextractionis oneof themosteffective andpowerful techniquesfor the investigationof volume
datasets.It hasbeenusedextensively in scientific visualizationapplicationssuchas biology, medicine,
chemistry, computationalfluid dynamics,andso on. It hasalsofound extensive applicationsin computer
graphicssuchassimplification[10] andimplicit modeling[16]. Thewidespreaduseof isosurfaceextraction
hasmadeit a focusof intensive researchfor many years.

Specifically, giventuples "$#&%(')"$#&*+* in thevolumedataset,where# is a3D samplepointand ' is ascalar
function definedover 3D points, the isosurfaceat isovalue , is a setof points (a surface)in the volume
whosescalarvalue is , . Somerepresentative isosurfaces(generatedfrom our experiments)areshown in
Figure4. Wearemainly interestedin unstructured-gridvolumedatarepresentedasa tetrahedralmesh(i.e.,
a simplicial complex in 3D). This is themostgeneralclassof volumetricdataandhasbeenproposedasan
effective meansof representingdisparatefield datathatarisesin a broadspectrumof scientificapplications
including structuralmechanics,computationalfluid dynamics,partial differentialequationsolvers,shock
physics,andsoon. Weremarkthatourresultscanbeeasilyappliedto structuredgrids(wheretheunderlying
cell topologyof thevolumeis a cubeor a box) aswell, by first tetrahedralizingeachcube/boxinto 5 or 6
tetrahedraasis donein [5,9].

Thecontourtree is a fundamentaldatastructurethat representsthe relationsbetweenconnectedcom-
ponentsof the isosurfacesembeddedin a volumedataset.Two connectedcomponentsthatmergetogether
(asonecontinuouslychangestheisovalue)arerepresentedastwo edgesthatjoin ata nodeof thetree.This
structurewasusedby vanKreveld et.al. [20] to speedup isosurfaceextractionin theseed-cellpropagation
paradigm:givenanisovalue,find a seedcell at each connectedcomponentof the isosurface,andgenerate
the isosurfaceby exploring the neighboringcells in the volumestartingfrom the seedcells. (Note that a
cell in the volumedatais eithera tetrahedron(a simplex in 3D) if the volumeis an unstructuredgrid, or
a cube/boxif thevolumeis a structuredgrid). To save thespacecomplexity, onewantsto keepthesetof
seedcellssmall,while guaranteeingthatfor everyconnectedcomponentof every isosurfacethereis at least
oneseedcell in thesetso that no componentof the isosurfacewould be missed.Van Kreveld et. al. [20]
proposedtheuseof thecontourtreeto computesuchseedset.

The succinctencodingof the isosurface topologiesin the contourtree also leadsto other important
applications.Bajaj et.al. [2] proposedthedisplayof thecontourtreeto provide theuserwith insightsinto
the topologicalstructuresof the isosurfacesembeddedin the volumedata. Recently, PascucciandCole-
McLaughlin [15] gave an elegantalgorithmof computingandassociatingthe Betti numbers"$-&./%(-102%(-&3/*
with thecontourtreesothat theisosurfacetopologies,includingthenumberof connectedcomponentsand
the genusnumber, canbe completelydeterminedanddisplayed. Very recently, we developeda volume
simplificationtechniquethatpreservesall isosurfacetopologies[6], by makinguseof thecontourtree.

Giventheversatileandimportantapplicationsof thecontourtree,in thispaperwe focuson theefficient
computationof thecontourtree.Throughoutthepaper, we assumethattheinput volumehas4 verticesand5 cells(equivalently, 67" 5 * edges),and 8 critical points(to bedefinedin Section2), wherethesizeof the
contourtreeis boundedby 6)"98:* . Notethat 4<;=67" 5 * .
Previous Work
Thefirst efficientalgorithmfor computingthecontourtreein 2D wasgivenby deBerg andvanKreveld [8],
with running time 6)" 5?>A@CBD5 * . Later, van Kreveld et. al. [20] developedalgorithmsfor computingthe
contourtreein 2D with thesamerunningtime (but simpler)andin higherdimensionin 67" 5 3 * time. They
alsoshowedhow to computea smallseed-cellsetfor fastisosurfaceextractionusingthecontourtree[20].
Tarasov andVyalyi [19] improvedthecomplexity of computingthecontourtreein 3D to 67" 5?>A@CB�5 * time.
Carret.al. [5] simplifiedandextendedthemethodof Tarasov andVyalyi [19] sothatthecontourtreecanbe
computedin any dimensionin 6)" 5FE "$4G*�HI4 >A@CB 4G* time, where E "$4G* is a variantof theextremelyslowly
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growing inverseof the Ackermann’s function. This algorithm[5] is simpleandelegant,and is the basis
for proving the correctnessof our new algorithmpresentedin this paper. We review the algorithm[5] in
Section3.

The first output-sensitivealgorithmfor computingthe contourtreewasgiven by PascucciandCole-
McLaughlin [15], with runningtime 67"$4JHI8 >A@CB 4G* , for structured grids. Notice that for structuredgrids,5 ;K67"$4G* andthus 5 doesnot appearin thebound. Recallthat 8 is thenumberof critical points in the
volumedataandis theupperboundon thesizeof thecontourtree. As mentionedabove, they alsogave a
very nicemethodto associatetheBetti numbersto thecontourtreeto enablethecomputationof isosurface
topologies.

The 67"$4�HI8 >A@CB 4G* -time contourtreealgorithm[15] is basedon thefollowing nice idea.At eachstep,
thevolumeis recursively subdividedinto two halvesof roughlyequalnumberof vertices,with thecommon
boundary(the separator) having 6)"$4 3(LNM * vertices(andsameorderof edges). This splitting stepcanbe
performedtrivially on a structured grid in 67"NOP* time—justtake a planecutting throughthemedianof the
volume. In eachof the half volume,the correspondingcontourtreeis built recursively, andthenthe two
contourtrees,oneon eachside,aremergedto form thefinal contourtree. Theprocessis similar to merge
sort: whenthesub-volumehasonly 67"NOP* vertices,computingthecontourtreetakes 6)"NOP* time. The trick
is in themergestep:thetwo contourtreesfrom thetwo sub-volumescanpossiblyinteractwith eachother
only at the 67"$4 3(LNM * verticeson the separator;for the restof the two contourtreeswe just needto copy
them,which takes 67"98Q* time at eachrecursive level. Therefore,themerging step,ratherthantaking 67"$4G*
time asin themergesort, takes 6)"$4 3(LNM E "$4G*�HR8Q* time (by merging theseparatorverticesfrom bothsides
into a combinedsortedlist andthenperformingthesweepingalgorithmof Carret. al. [5] with union-find
operations[7], pluscopying theunchangedportionsof thetwo contourtrees).Sincethemergestep(aswell
asthesplitting step)takeslessthanlineartime in 4 , theoverall complexity is 6)"$4)HS8 >A@CB 4G* .

In [15] theauthorsalsomentionedthattheirmethodmightbeextendedto unstructuredgrids, by pointing
out the 67"$4G* -time algorithms[12,13] for finding a separatorwith 67"$4 3(LNM * verticesin unstructuredgrids.
However, even with theseseparatoralgorithms,the output-sensitive boundno longerholds: The volume
splitting step,originally taking 6)"NOP* time in eachrecursionfor structuredgrids, now takes 67"$4G* time,
which is thesameasthemerge-stepcomplexity in mergesort—theoverall complexity for all splittingsteps
is 6)"$4 >A@CB 4G* already, andthusit doesnotpayoff to usethemorecomplicatedseparatoralgorithms[12,13],
comparedto thesimplesortingstepusedin thealgorithmof Carret.al. [5].

Our Results
In this paper, we presenta new output-sensitivealgorithmfor computingthe contourtree. Our algorithm
is simple,andachievesthe optimal boundof TU" 5 HR8 >A@CB 8:* in runningtime, for both structured andun-
structuredgrids.Sincethereis a lowerboundof VW" 5 HX8 >A@CB 8:* by thelowerboundconstructionof Bajajet
al. [3] (seeSection2), our algorithmis optimal. Our algorithmimprovesthepreviousbestrunningtime of
67" 5FE "$4G*�HI4 >A@CB 4G* givenby Carret. al. [5] for unstructuredgrids,andasthealgorithmof [5], works in
all dimensionsaswell.

Thekey ideaof our algorithmis to avoid sortingall vertices,but ratheridentify all critical pointsfirst,
sort them,andthenconnectthemusinga clever sweeping.An interestingaspectof our sweepingis that
we do not needto exploretheentiresetof thevertices,but overall only explorea very smallportionof the
vertex set,via socalledmonotonepaths. Moreover, we traversethemonotonepathsalongthedirectionthat
is oppositeto thesweepingdirection.

We have implementedour algorithmandperformedexperimentson datasetsfrom real-world scientific
visualizationapplications.Theexperimentsshow thattypically 8 is lessthan5%of theoverall number4 of
theinput vertices,andthatour algorithmis 2 to 3 timesasfastasthepreviousbestalgorithm[5]. Werefer
to Section5 for thedetails.

Weremarkthatconcurrentto ourwork,LenzandRote[11] independentlydevelopedanoutput-sensitive
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algorithmfor computingcontourtrees,achieving thesameoptimalboundof TU" 5 HY8 >A@CB 8:* asours.Their
techniqueis alsobasedonthesimilar ideaof exploringmonotonepathsandis essentiallyequivalentto ours,
with differentalgorithmdetailsandproof methods.

2 Preliminaries
Our resultsextendto any dimensionsasthe resultsof Carr et. al. [5]. However, motivatedby real-world
applicationswe will mainly focusourdiscussionson thecaseof 3D.

A scalar volumedatasetconsistsof tuples "$#Z%(')"$#[*+* , where # is a 3D samplepoint and ' is a scalar
function definedover 3D points. Our main interestis on unstructured-grid volumedatarepresentedasa
tetrahedralmesh(i.e., a simplicial complex in 3D) sincethis is themostgeneralclassof volumedataand
hasfoundextensive applications.For a simplicial complex, we naturallychoose' to beapiecewise-linear
functionwhosevalueat a samplepoint # (which is a vertex of themesh)is thescalardatavalue '�"$#[* , and
whosevalueat a point within a simplex is obtainedby linear interpolationfrom the scalarvaluesof the
simplex vertices.Moreover, we assumethatthescalarvaluesat verticesaredistinct(achievedby symbolic
perturbation).Thesearethesameassumptionsusedin Carret.al. [5].

Given an isovalue , , the isosurface\)"],^* at value , is definedastheset \)"],_*`;ba+ced ')"fc�*`;g,^h . In a
moregeneralterm, it is calledthe level setat , , wherea level set in a 2D meshis an isoline andin a 3D
meshis calledan isosurface. In general,onecanconsiderlevel setsin a higherdimensionalmesh.We will
usethe term isosurfacethroughoutthepaper(for our focuson the3D case),thoughtheconceptsapply to
themoregenerallevel set.

Thefieldof Morsetheory[4,14,18] studiesthechangesin topologyof isosurfaceastheisovaluechanges.
Oneimportantnotionis thatof critical points, which arethepointswheretheisosurfacetopologychanges
(i.e.,anisosurfaceconnectedcomponentappears/disappears, changesgenus,splitsto morecomponents,or
componentsmerge)aswe continuouslychangethe isovalue. Morsetheoryrequiresthat thecritical points
beisolated,i.e., thatthey occurat distinctpointsandvalues.A functionsatisfyingthis conditionis calleda
Morsefunction. All pointsotherthancritical pointsarecalledregular pointsanddo not affect thenumber
or genusof componentsof theisosurface.Notethatourassumptionson thescalarfunction ' that(1) it is a
linear interpolantover a simplicial complex, and(2) thescalarvaluesat verticesaredistinct,ensurethat '
is aMorsefunction,andthatthecritical pointsoccuratverticesof themesh[4].

Therearethreetypesof critical points: minimum,maximum,andsaddlepoints. A vertex with scalar
valuesmaller(resp.,larger) thanthoseof all its neighboringverticesis calledaminimum(resp.maximum),
andcorrespondsto theappearingresp.,disappearing) of anisosurfaceconnectedcomponentif we change
the isovalue continuouslyfrom ikj to j . A saddlepoint is the remainingtype of critical point, and
correspondsto anisosurfaceconnectedcomponentsplit/mergeor achangeof genusnumber.

The contour tree of a Morse function is a graphin which (1) eachleaf noderepresentsa minimum
or a maximumcritical point, at which an isosurfaceconnectedcomponentappearsor disappears,(2) each
interior noderepresentsthe joining and/orsplitting of two or moreisosurfaceconnectedcomponentsat a
critical point, which is necessarilya saddlepoint, and(3) eachedgerepresentsa connectedcomponentin
theisosurfacesat all isovaluesbetweenthescalarvaluesof thetwo endpointnodesof theedge.This graph
is shown to beatree[20], hencecalledacontourtree. In addition,thenodesin thecontourtreearenaturally
sortedby thescalarvaluesin increasingorderfrom bottomto top [20] (seeFig. 1(a)for anexample).

Notice that all nodesin the contourtreearecritical points,so the sizeof the contourtreeis bounded
by 6)"98:* , where 8 is thenumberof critical point. However, not all critical pointsarenecessarilypresentin
thecontourtree—thosesaddlepointsthatcorrespondonly to thegenuschange of an isosurfaceconnected
componentaremissingfrom thetree,andthussuchgenus-changeeventscannotbecapturedby thecontour
tree. If we augmentanordinarycontourtreewith suchgenus-change-onlycritical points(so that the tree
containsall critical points),againwith all nodesin the treesortedby thescalarvaluesin increasingorder
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from bottomto top, the resultingcontourtree is calledan augmentedcontour tree (seeFig. 1(b) for an
example).In suchtree,anedgerepresentinganisosurfaceconnectedcomponentis furthersubdivided into
segmentsby the genus-change-onlysaddlepoints in that component(seeFig. 1(b)); eachsegmentnow
definesa topological-equivalence region, meaningthat betweenthe scalarvaluesof the two endpointsof
eachsegment,thereis no isosurfacetopologychange.In this way, theaugmentedcontourtreecapturesall
isosurfacetopologychanges.Finally, if acontourtreeis augmentedwith all verticesof themesh,including
all critical pointsandregularpoints,wecall it a fully augmentedcontourtree1 (seeFig.1(c) for anexample).

It is worthnotingthatthenodesin thecontourtreearesortedalongeachmonotonepathin thetree.Bajaj
et al. [3] have usedthis propertyto prove a lower boundof VW"98 >A@CB 8:* on the worst-casetime to construct
thecontourtreeby reductionfrom sorting.For any givensetof 8 numbers,they showedhow to constructa
bivariatepiecewise linear functionon a triangulateddomainof size 67"98Q* , so that thecontourtreecontains
a long monotonepath from which the sortedsequenceof 8 numberscanbe readoff. Togetherwith the
Vl" 5 HR4G*m;nVl" 5 * time for readingthe input, this givesa lower boundof Vl" 5 HI8 >A@CB 8Q* on therunning
time for computingthecontourtree.
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Figure1: Schematicexamplesof anordinarycontourtree,anaugmentedcontourtree, anda fully augmented
contourtree(thelabelof a nodedenotesits scalarvalue): (a) ordinarycontourtree;(b) augmentedcontour
tree;(c) fully augmentedcontourtree. In (b), thesquarenodesaregenus-change-onlysaddlepoints. Each
segmentdefinesa topological-equivalence region, wherean endpointof a segmentcaneitherbe a square
nodeor a non-filled circle node. The edge "]op%+qr* is divided into threesegments "]op%:opstqr*(%�"]opstq[%:opsvuw* and
"]opsvup%+qr* . In (c), thesquarenodesaregenus-change-only saddlepointsasin (b), andthefilled circle nodes
areverticesof themeshthatareregularpoints.

3 Review: Sweep Algorithm for Contour Trees
In this section,we review thealgorithmof Carret. al. [5] for computingthe fully augmentedcontourtree,
i.e., thecontourtreewith all verticesof themeshpresentin the tree;seeSection2. (Theordinarycontour
treecanbeobtainedby removing nodesfrom thefully augmentedcontourtree.)Thisalgorithmwill beused
in Section4 to prove thecorrectnessof ournew algorithm.

1In [5], thetermaugmentedcontourtreemeansour fully augmentedcontourtreehere,andthereis noconceptof a contourtree
containingall critical pointsbut no regularpoints,i.e., thereis noconceptof ouraugmentedcontourtreehere.
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Thealgorithmof Carret.al. [5] consistsof thefollowing stages.

1. Sortall 4 verticesof themeshby thescalarvalues.

2. Performa sweepof the 4 verticesfrom thesmallestscalarvalueto thelargestscalarvalue,andbuild
the join tree(definedbelow).

3. Performanothersweepof the 4 vertices,now from thelargestscalarvalueto thesmallestscalarvalue,
andbuild thesplit tree(definedbelow).

4. Merge the join treeandsplit tree togetherto obtain the fully augmentedcontourtree. Performan
optionalstepof removing nodesto obtaintheordinarycontourtreeif needed.

Theformal definitionsof join treeandsplit treearegiven in [5], but theconceptis bestunderstoodby
a sweepingprocess(seeFig. 2). Givena contourtree,if we sweepthecontourtreenodesfrom bottomto
top, andignorethesplitting events,namely, componentscanonly merge(i.e.,join) but never split, thenwe
getthe join tree. Observe thattheleavescorrespondto theverticesof local minimumandto thecreationof
isosurfacecomponents,andthateventuallyall componentsmergeinto onecomponent,for whichthehighest
node,namelytheroot,correspondsto avertex of localmaximum(seeFig. 2(b)). Similarly, if wesweepthe
contourtreenodesfrom top to bottomandonly allow componentsto merge, thenwe obtainthesplit tree
(seeFig. 2(c)). Notethatif wefix thesweepingdirectionto bealwaysfrom bottomto top,thenthesplit tree
alwayssplitsandnever merge.
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Figure2: An exampleof a contourtreeandits correspondingjoin treeandsplit tree: (a) contourtree;(b)
join tree;(c) split tree.

It is shown in [5] that Stage4 canbe performedin time linear in the total sizeof the join andsplit
trees.Stage2 andStage3 arecompletelysymmetric,andareessentiallythesameprocessperformedin the
oppositesweepingdirections.To understandour new algorithm,it sufficesto describeStage2, theprocess
of computingthejoin tree.

Now wedescribethealgorithmof [5] for computingthejoin tree.During thesweepprocess,theunion-
find datastructure[7] is usedto maintaintheconnectivity informationfor theisosurfaceconnectedcompo-
nents.Initially, eachvertex is addedto its own singletonset. As we sweepfrom thevertex of thesmallest
scalarvalue to the vertex of the largestscalarvalue (viewed as changingthe isovalue of the isosurface
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continuously),theverticescorrespondingto thesameconnectedcomponentof the isosurfaceareunioned
togetherinto thesameset,whichcorrespondsto anedgein thejoin tree.

For thecurrentvertex # duringthesweep,we look at its neighboringvertices(neighboringin themesh)
with scalarvaluelessthan # . If thereis no suchneighbor, then # is aminimumcritical point corresponding
to theappearingof anew isosurfaceconnectedcomponent—wecreateanew setcontaining# andalsoanew
leaf of the join tree. If # hassomeneighborswith smallerscalarvalues,theneachsuchneighborhasbeen
processed(sincethesweepis in theorderof increasingscalarvalues)andput to thecorrectset.Weperform
thefind-setoperationon eachof suchneighbors.If theseneighborsareall in thesameset,i.e., in thesame
connectedcomponent,thenwe just add # to this set,effectively adding # to this connectedcomponent.If
someof theseneighborsbelongto differentsets,thenit meansthat thesedifferentconnectedcomponents,
eachfrom a distinct set,now merge togetherat # to becomea singleconnectedcomponent—# is a saddle
point for componentsmerge. We performunionoperationson thesesetsto unionthemtogether, aswell as
putting # to thisnewly unionedset,andgrow thejoin treeaccordingly.

It is easyto seethat theentiresweepingprocessinvolves 6)"$4G* unionoperationsand 67" 5 * find oper-
ations(thereare 67" 5 * edges),so it takes 6)" 5FE " 5 %(4G*+* time for sweeping.Including thesortingtime in
Stage1, theoverall time is 67" 5FE " 5 %(4G*xHy4 >A@CB 4G* .
4 Output-Sensitive Algorithm for Contour Trees
In this sectionwe presentour new output-sensitive algorithmfor computingcontourtrees.Our mainalgo-
rithm computesthe augmentedcontour tree, i.e., the contourtreeaugmentedwith all genus-change-only
critical points(andhencethecontourtreecontainingall critical points;seeSection2). Notethataugmented
contourtreecapturesall eventsof isosurfacetopologicalchanges,includinggenuschanges. If weonly need
theordinarycontourtree,thenit canbeobtainedby removing nodesfrom theaugmentedcontourtree.

Main Algorithm

Now we presentour main contourtreealgorithm, which computesthe augmentedcontour tree, i.e., the
contourtreecontainingall critical points(andhencecapturingall eventsof isosurfacetopologicalchanges).
Recallfrom Section3 thatthealgorithmof Carret. al. [5] cannotdistinguishbetweena regularpoint anda
genus-change-onlycritical point. In fact,thecriticality of avertex is notknown until theentirecontourtree
is built, andthuswe donot know whichverticesaremoreimportantthantheothers.

Thekey ideaof our algorithmis to avoid sortingall vertices,but ratheridentify all critical pointsfirst,
sort them,andthenconnectthemusinga clever sweeping.An interestingaspectof our sweepingis that
we do not needto exploretheentiresetof thevertices,but overall only explorea very smallportionof the
vertex set,via socalledmonotonepaths. Moreover, we traversethemonotonepathsalongthedirectionthat
is oppositeto thesweepingdirection.

Ouralgorithmconsistsof thefollowing stages.

1. Scanthroughthe 4 vertices,classifyeachvertex into eithera critical point (local minimum, local
maximum,or saddlepoint) or a regularpoint. In theprocess,alsocollectall critical points.Suppose
thereare 8 critical points.

2. Sortthe 8 critical pointsby their scalarvalues.

3. Performasweepof the 8 critical pointsfrom thesmallestscalarvalueto thelargest,andbuild thejoin
tree.

4. Performanothersweepof the 8 critical points,now from thelargestscalarvalueto thesmallest,and
build thesplit tree.
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5. Mergethejoin treeandthesplit treeto obtainthecontourtree.

Again, Stage3 andStage4 arecompletelysymmetric,andcanbe carriedout by the sameprocedure
with theoppositesweepingdirections.Also, Stage5 canbeperformedby thetree-merging methodof [5].
Thereforewe only needto describeStage1 andStage3.

We first describeStage1: classificationof theverticesinto critical or regularpoints.We canclassifya
vertex # for its criticality by locally checkingits neighboringvertices[1,9], summarizedasfollows. Wetake
all thetetrahedralcellssharing# asoneof theircell vertices.For eachsuchcell, thereis onetrianglewithout
using # asa vertex (i.e., the trianglefacing # ). We take all suchtriangles,whoseverticesareexactly the
neighborsof # andwhoseedgesconnecttheseneighborstogether. Thesetrianglesthenform agraphz with
nodesandedgesbeingtheverticesandtheedgesof thetriangles.For eachnodec in z , weclassifyc as“ H ”
if its scalarvalueis larger thanthescalarvalueof # , and“ i ” otherwise.Recallthatall thescalarvaluesat
verticesaredistinct. Now in thegraph z , we remove edgesconnectingtwo nodesof oppositesigns(a “ H ”
anda “ i ”) andobtaina new graph z�{ . Now, we computetheconnectedcomponentsin z�{ via depth-first
searchor bread-firstsearch,andcounthow many connectedcomponentsthereare. Note that thenodesin
the sameconnectedcomponentall have the samesign. If thereareexactly two components(necessarily
one“ H ” andone“ i ”) then # is a regular point. Otherwise# is a critical point, with the following cases:
onecomponent—aminimum(for a “ H ” component)or amaximum(for a “ i ” component),morethantwo
components—asaddlepoint. This processworks for higherdimensionalsimplicial meshestoo, with an
obviousanalogyfrom a3D simplex to higherdimensionalsimplex.

Clearly, theabove processtakestimeproportionalto thenumberof neighborsof # , whichcanbe 67"$4G* ,
andthusoverall it canbe 6)"$4 3 * time to classifyall vertices.However, takinga closerlook, we seethatthe
numberof neighborsof # is its vertex degreein theoriginalmesh,sotheoverallwork is boundedby thetotal
numberof edgesin themesh,i.e., 67" 5 * . We remarkthatusuallya tetrahedralmeshis given in the form
of a vertex list anda cell list, whereeachcell hasindicesto its four verticesin thevertex list. By scanning
throughthecell list andputtingeachcell to its four verticesin thevertex list, weobtainthevertex-neighbor
informationasneeded,in 6)" 5 * time. In theprocess,wealsorecordtheneighborsof # with thelargestand
thesmallestscalarvalues,amongtheseneighbors.This informationwill beusedin thesweepingprocessof
Stages3 and4.

Lemma 1 We can classifyall 4 verticesof a simplicial meshin any dimensionsinto regular points or
minimum,maximum,or saddlecritical points,in a total of 67" 5 * time, where 5 is thenumberof cells in
themesh.

Now wedescribeStage3, theconstructionof thejoin tree.Recallthatwesweepthecritical pointsin the
orderof increasingscalarvalues.During thesweepingprocess,wealsousetheunion-finddatastructure[7]
to maintaintheisosurfaceconnectedcomponentsinformationsimilar to thealgorithmof [5].

First, we definethe conceptof a monotonepath. A monotonepath in the meshis a directedpath
consistingof verticesandedgesof the meshsuchthat traversingalong the path the scalarvaluesof the
verticeson the pathis monotonicallydecreasingor increasing;we call sucha pathmonotonedecreasing
path if thevaluesdecreaseandmonotoneincreasingpath if thevaluesincrease.

We arereadyto describeour sweepalgorithmfor constructingthe join treein Stage3. For a current
critical point | , wedistinguishthefollowing cases.

1. | is aminimumcritical point. Put | into anew set,andcreateanew leaf in thejoin tree.

2. | is asaddlepoint.

Considerthe neighborsof | that have scalarvaluessmaller than | and that arenot visited before.
(Suchneighborsmustberegular points, sinceany critical point with asmallerscalarvaluethan | has
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beenprocessedandvisited.)For eachsuchneighbor# , we wantto put # to thecorrectset“below # ”,
that is, thecorrectsetcontainingsomecritical pointsthathave beenprocessedbefore(equivalently,
thecritical pointswith scalarvaluessmallerthan # ).
Thetaskis carriedoutasfollows. For eachsuch# , exploreamonotonedecreasingpathstartingfrom
# , i.e., startingfrom # , continuouslyvisit a neighborof thecurrentvertex with a smallerscalarvalue
thanthecurrentvertex (recallthatin Stage1 we recordfor eachvertex its largestandsmallestscalar-
valueneighbors),until a vertex } visitedbeforeis reached.By Lemma2 below, therealwaysexists
a monotonedecreasingpathfrom # beforereachinga vertex } visitedbefore.Put # andall vertices
on themonotonedecreasingpathto theset ~m"9}�* of } , effectively putting theseverticesto thesame
connectedcomponentof ~m"9}�* .
Whenall suchneighbors# of | areput to someexisting sets,look at all neighborsof | with scalar
valuessmallerthan | , includingthosevisitedbefore.Theseneighborshave all beenassignedto some
sets. Performthe find operationto seethesesets. If they areall the sameset, then | is a “genus-
change-onlysaddlepoint for joint tree”,meaningthat | doesnotcauseconnected-component number
to changein thejoin tree(but it maycauseconnected-componentnumberto changein thesplit tree)—
put | to this setandcontinueto grow the join tree. Otherwise,whentherearesomedifferentsets,
then | causescomponentsto merge—unionthesesetsinto oneset,add | to the set,andjoin these
componentsat | in thejoin tree.

3. | is a maximumpoint. This caseis similar to thatof a saddlepoint,but we only needto go from one
neighbor# of | (sinceall otherneighborsleadto thesameset),andproceedasbefore.

Lemma 2 Whenwe explore from # , there is alwaysa monotonedecreasingpath from # before we stop
exploring.

Proof. Theonly casethatwe cannotfind a neighborwith smallerscalarvalueis whenthecurrentvertex is
aminimumcritical point,whichmusthave beenvisitedbefore.

Lemma 3 Thealgorithmcorrectlycomputesthejoin tree.

Proof. We want to show that every vertex visited by thealgorithmis put to thecorrectsetasin theorig-
inal sweepalgorithm[5] describedin Section3. Thenthe correctnessof our algorithmfollows from the
correctnessof theoriginalalgorithm[5].

Weprove theabove statementby inductionon thenumberof critical pointsprocessed.Thebasecaseis
trivially true,aswe processthefirst minimumcritical point andput it to a singletonset. For the induction
step,considerthecurrentcritical point | beingprocessed.Ourgoalis to show thateveryneighbor# of | with
asmallerscalarvalueis putto thecorrectset(sothat | correctlyjoinsdifferentconnectedcomponentsand/or
is put to thecorrectset),andthatall verticesin eachmonotonedecreasingpathfrom suchanunvisited # are
put to thecorrectsetaswell. Notethatif such# hasbeenvisitedbefore,then # wasvisitedwhenprocessing
somecritical point |Q{ prior to processing| (possibly #);�|:{ ), andhence# hasbeenput to thecorrectsetby
inductionhypothesis.Now it remainsto show thefollowing claim.

Claim 4 Everyneighbor# of | thathasa smallerscalarvaluethan | andthat is notvisitedbefore is put to
thecorrectset.Moreover, all verticesin themonotonedecreasingpathfrom # to } areput to thecorrectset
aswell, where } is thefirst encounteredvertex visitedbefore whenexploring themonotonedecreasingpath
from # .
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Proof of Claim. Recallthat # mustbea regularpoint,sinceacritical point with asmallerscalarvaluethan
| musthave beenvisitedbefore. Considerthecorrectjoin tree �G0 (with all verticespresent)producedby
theoriginal algorithm[5] asdescribedin Section3, at thesnapshotof thesweepingat | . Then # hasbeen
correctlyput into someset,say ~G0 . Considerthesegmentof �G0 containing# , andthehighestcritical point� on this segmentthat is below # . (Herea segmentin the join treecontainsonly regular verticesin the
interior, plustwo critical endpoints,in thejoin tree.)Then � is thehighest-valuedcritical point in theset ~�0
containing# , andthereis apath ��0 in �G0 linking � to # throughregular verticesonly (seeFig. 3(a)).

Now, supposeouralgorithmproducesa join tree �13 , andat thepointof processing# asdescribedin our
algorithm, # is put to aset ~x3 . Thismeansthatasweexplorethemonotonedecreasingpath � (in themesh)
from # to } , we stopat thepreviously visitedvertex } andput all theverticeson � , including # , to theset
containing} , which is ~x3 . Let }Z{ be thehighest-valuedcritical point in ~x3 with scalarvaluesmallerthan
# ; in our constructedjoin tree � 3 , # and }�{ areon thesamesegment,and }Z{ is thehighestcritical point on
this segmentthat is below # . We want to show that � ;�} { (andhence~G0�;�~x3 ). Assumefor thepurpose
of contradictionthat this is not true. Sincethereis a monotonedecreasingpath � (in themesh) from # to
} , aswe sweepfrom } { to # usingtheoriginal sweepingalgorithm[5], theverticeson � with scalarvalues
larger than }Z{ will beswept,in thereverseorderof � , leadingall suchverticesaswell as # to beincluded
into ~ 3 (notethat } and }Z{ arein thesameset ~ 3 , andhencethereis a pathin themeshconnecting}�{ and
} ). Therefore,in thecorrectjoin tree ��0 , thereis a path ��3 from } { to # (seeFig. 3(b)). This meansthat
usingthe original sweepingalgorithm[5], the two distinct sets ~�0 and ~x3 in the correctjoin tree �G0 will
becomeasinglesetat thetime # is reached.Let # { bethepointatwhich ~�0 and ~x3 merge(possibly # { ;�# ,
or otherwise#_{ hasasmallerscalarvaluethan # ). Notethatthescalarvalueof #_{ mustbelargerthanboth �
and } { , or otherwise~�0 wouldbepartof ~13 or viceversaandthetwo setswouldnotbedistinct.Observethat
#_{ is a saddlepoint merging ~G0 and ~x3 in �G0 (seeFig. 3(b)). However, #^{ is on ��0 with scalarvaluelarger
than � , meaningthat #_{ canonly be a regular point (this is true for #^{D;g# too—recallthat # is a regular
point),a contradiction.Therefore� ;�} { and ~�0
;�~x3 . Sincetheverticesin themonotonedecreasingpath
� areput to ~x3
;�~�0 , they areput to thecorrectsetaswell. �
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Figure3: Proofof Claim 4. (a) Correctjoin tree ��0 . Thepath ��0 in �G0 links � to # throughregular vertices
only. (b) Correctjoin tree ��0 , assumingthat ���;�} { (andhence~�0 �;�~x3 ). Thereis a path �G3 in ��0 from } {
to # .

Theproof of Claim 4 completestheinduction,andthelemmafollows.
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Additional Algorithm Details and Analysis

Now we analyzethe running time of our algorithm. Supposethereare 4x{ verticesvisited, where 4x{l;
67"$4G* . If all these4 { verticesparticipatein theunion-finddatastructure,thenwe needto perform 4 { union
operations. However, we can do better than that. Observe that a monotonedecreasingpath from # to
} (excluding } ) containsregular points only; theseregular points cannotcauseany componentsmerge
andhencedo not actuallyneedthe supportof the union operation—weonly needto assignthemto the
destinationset. Therefore,we make thefollowing simpleimprovementof thealgorithm: Only thecritical
pointsparticipatein the union-finddatastructure,i.e., we start the union-findstructurewith eachcritical
point in asingletonset.Whenweassigna regularpoint � to aset,we putapointerfrom � to somepoint c
in theset,wherec is necessarilyacritical point. Whenweexploreamonotonedecreasingpath � from # to
} , where } is thefirst encounteredvertex visitedbefore,we have that } is eitheracritical point or a regular
pointwith apointerto somecritical point c . Then,for eachvertex � on � , weeitherputapointerfrom � to
} if } is acritical point,or otherwisewe putapointerfrom � to c . To performafind operationona regular
point,we just follow thepointerto thecritical point in 6)"NOP* time,andthenperformafind operationon that
critical point. In this way, thetotal numberof unionoperationsis 8 .

It is easyto seethatexploringthemonotonedecreasingpathsoveralltakes 6)"$4x{�* time( 67"$4x{�*e;�6)"$4G*G;
67" 5 * , but in practice4 { is verysmallcomparedto 4 ; seeSection5). Eachsuchpath � stopsatsomevertex
} visited before,so a vertex might be visited morethanonetime. However, each � containsat leastone
unvisitedvertex # , andhencethecostof looking at thestoppingpoint } canbechargedto # .

To analyzethenumberof find operationsperformed,observe thatfor eachcritical point | , wetry to find
thesetof eachneighbor# of | with a smallerscalarvaluethan | . Clearly, we perform ��� find operations,
where ��� is the total numberof edgesin themeshwith at leastonecritical endpoint(notethat ������8 but
����;=67" 5 * ; typically ��� is muchsmallerthanthetotalnumberof edges,andalsomuchsmallerthanthetotal
numberof cells, 5 ; seeSection5). Overall, thereare 8 unionoperationsand �2� find operations,andhence
thetotal timefor theunion-findoperationsis 67"��2�^� E "�����%+8Q*+* , whereE "��2��%+8Q* is theextremelyslowly growing
inverseof theAckermann’s function. Summingover thetime for all stages,theoverall time complexity is
67" 5 Hy8 >A@CB 81H����e� E "�����%+8Q*+* .

We canmake theabove boundoptimal ( 67" 5 HY8 >A@CB 8Q* ) by usingthesameanalysistechniqueof Lenz
andRote[11] asfollows: For ���
�Y8 >A@CBD>A@CB 8 , wehave E "��2��%+8:*���O , and �2��� E "�����%+8Q*e;�6)"�����*G;�6)" 5 * . For
���m�I8 >A@CB�>A@CB 8 , wehave ���e� E "����2%+8:*D�I8 >A@CB�>A@CB 8G� E "�����%+8Q*D�Y8 >A@CB�>A@CB 8�� E "98�%+8:*e;=67"98 >A@CB 8Q* .
Theorem 5 For a meshin anydimensionwith 5 cellsand 8 critical points,there existsan algorithmthat
computesthecontourtreein optimal TU" 5 HS8 >A@CB 8:* time.

5 Experimental Results
We have implementedboth our new algorithm presentedin Section4 and the sweepalgorithm [5]

describedin Section3 in C++/C,andranour experimentson a SunBlade1000workstationwith 750MHz
UltraSPARC III CPU and4GB of main memory. The datasetswe usedfor the experiments,as listed in
Table 1, are all from real-world scientific visualizationapplications:The Blunt Fin (blunt, blunt2), the
Liquid OxygenPost(post, post2),and the Delta Wing (delta, delta2)datasetsare from NASA, and the
CombustionChamber(comb,comb2)datasetsarefrom Vtk [17] (generatedfrom acombustionsimulation).
Thesedatasetsareall given astetrahedralvolumedata,andeachpair of datasets(e.g.,blunt andblunt2)
areat different samplingratesandhencetheir input sizesaredifferent. Somerepresentative isosurfaces
generatedfrom ourexperimentsaregivenin Figures4.

For eachof the datasets,we ran our algorithmandthe sweepalgorithm[5] to build the contourtree.
Detailedstatisticsof theexperimentsaregivenin Table1. It is very interestingto seethatfor all thedatasets
tested,thenumber8 of critical pointsis typically fairly small,rangingfrom 0.152%to 4.44%of theoverall
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Figure4: Typical isosurfaces.The uppertwo arefrom the Blunt Fin dataset.Theonesin the bottomare
from theCombustionChamberdataset.
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Dataset # Cells # Vert. # Crit. Pts(%) ��� (%)

blunt 187395 40960 1820(4.44%) 20072(10.7%)
comb 215040 47025 524(1.11%) 5791(2.7%)
post 513375 109744 927(0.84%) 10349(2.0%)
delta 1005675 211680 1462(0.70%) 17307(1.7%)
blunt2 749580 228355 1833(0.80%) 58159(7.8%)
comb2 860160 262065 533(0.20%) 13615(1.6%)
post2 2053500 623119 947(0.152%) 24241(1.2%)
delta2 4022700 1217355 2042(0.17%) 52913(1.3%)

Dataset 4 { -Join(%) 4 { -Split (%) New (s) Sweep(s)

blunt 9958(24.3%) 8345(20.4%) 2.04 4.66
comb 4953(10.5%) 3257(6.9%) 2.34 2.95
post 12163(11.1%) 4544(4.1%) 5.58 9.24
delta 13669(6.5%) 10157(4.8%) 10.94 24.36
blunt2 9894(4.3%) 8310(3.6%) 8.40 25.35
comb2 4802(1.8%) 3180(1.2%) 9.49 13.53
post2 11927(1.9%) 3906(0.6%) 22.70 44.77
delta2 16875(1.4%) 12028(1.0%) 43.94 146.72

Table1: Experimentalresults. For eachdataset,we list the numberof cells, the numberof vertices,the
numberof critical points(andthepercentage),thenumber�2� of edgesin themeshwith at leastonecritical
endpoint(andthepercentageof theratio over thenumberof cells),thenumber4x{ of vertices(andtheper-
centage)visitedby ouralgorithmin computingthejoin tree,thenumber4 { of vertices(andthepercentage)
visited by our algorithmin computingthe split tree, the total runningtime (in seconds)of our algorithm
in computingthe join treeandthe split tree,andfinally the total runningtime (in seconds)of the sweep
algorithm[5] in computingthejoin treeandthesplit tree.Thetotal runningtime doesnot includethetime
for readingtheinput file from disk.

number4 of the input vertices.This certainlyshows the importanceof having anoutput-sensitivecontour
treealgorithm,wherethesizeof theoutputcontourtreeis 6)"98:* ratherthan 67"$4G* . Wealsoshow thenumber
��� of theedgeswith at leastonecritical endpoint,which is lessthan3%of thenumber5 of cellsfor all but
two datasetstested.Recallthatour union-findoperationstakestime 67"��2��� E "�����%+8Q*+* ; with E "�����%+8Q* no more
than4 in practice,we seethat �2��� E "����2%+8:* is muchsmallerthan 5 , meaningthat the time for performing
union-findoperationsis dominatedby 6)" 5 * in practice.

We alsoshow in Table1 thenumber4x{ of theverticesvisitedby our algorithmduringtheconstruction
of the join treeandthe split tree. Recall from Section4 that our algorithmdoesnot explore all the input
vertices,but ratheronly exploresa monotonepath,to connecta neighboringvertex of the currentcritical
point to someexisting set.Herewe seethat 4 { is indeedvery small,rangingfrom aslow as0.6%to 24.3%
of 4 , showing thatour algorithmonly exploresa very smallportionof the input. Recallthatexploring all
monotonepathstakes 67"$4 { * time in total; with both 4 { and 8 muchsmallerthan 4 in practice,our running
time is essentiallythe 67" 5 * time for processingtheinput in theinitial stage.

Finally, we comparetheoverall runningtime of our algorithmwith thesweepalgorithmof [5] in com-
putingthe join treeandthesplit tree. Theserunningtimesincludethosefor all thestepsin computingthe
contourtree,exceptfor thetime for readingthe input from disk andthetime for merging the join treeand
thesplit tree(sincethesetimesarethesamefor bothalgorithms).Theadvantageof our algorithmis clear,
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andtypically ouralgorithmis about2 to 3 timesasfast.As thedatasetsizeincreases,thesavingsin running
time by our algorithmalsoincreases;for the largestdatasetin Table1, we reducethe runningtime from
146.72secondsto 43.94seconds.

6 Conclusions
We have presenteda new output-sensitive algorithmfor computingthe contourtree,which is simpleand
achievestheoptimalboundof TU" 5 HY8 >A@CB 8:* in runningtime, for bothstructured andunstructured grids.
Ouralgorithmimprovestheboundof 67" 5FE "$4G*xHY4 >A@CB 4G* givenby thepreviousbestalgorithm[5] for the
unstructuredgridsrepresentedassimplicial complexes,and,asthatof [5], worksin all dimensionsaswell.
Our experimentsshow thattypically ouralgorithmis 2 to 3 timesasfastasthepreviousbestalgorithm[5],
andeffectively achievestherunningtimeof 67" 5 * in practice.
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