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Abstract

Isosurficeextractionis one of the mostpowerful techniquesn the investigationof volumedatasets
in scientificvisualization.The contourtreeis afundamentatlatastructurefor fastisosurbiceextraction,
and hasalso beenusedto build userinterfacesto reportthe completetopologicalcharacterizatiorof
the isosuraicesembeddedn the volumedata,aswell asto simplify the volume datato build a multi-
resolutionhierarchywhile preservingheisosurficetopologies.

In this paper we presenta new output-sensitivealgorithm for computingthe contourtree. Our
algorithmis simple,andachievestheoptimalboundof © (m+t log t) in runningtime for bothstructured-
andunstructued-gridvolumedatasetswherem is the numberof cellsof theinputvolume,andt is the
numberof critical pointsin theinput volume,which boundsthe sizeof the contourtree. Our algorithm
improvesthepreviousbestrunningtime of O (ma(n)+nlogn) givenin [5] for unstructuredrids(where
n is thenumberof verticesof theinput volume),andasthealgorithmof [5], worksin all dimensionsas
well. Theexperimentsshow thattypically ¢ is lessthan5% of the overallnumbern of theinputvertices,
andthatour algorithmis 2 to 3 timesasfastasthe previousbestalgorithm[5].
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1 Introduction

Isosurficeextractionis one of the mosteffective and powerful techniquedor the investigationof volume
datasets.It hasbeenusedextensvely in scientific visualizationapplicationssuchas biology, medicine,
chemistry computationafluid dynamics,andsoon. It hasalsofound extensve applicationsin computer
graphicssuchassimplification[10] andimplicit modeling[16]. Thewidespreadiseof isosuraceextraction
hasmadeit afocusof intensve researchor mary years.

Specifically giventuples(v, F'(v)) in thevolumedatasetwherev is a3D samplepointandF’ is ascalar
function definedover 3D points, the isosurfice at isovalue ¢ is a setof points (a surface)in the volume
whosescalarvalueis q. Somerepresentate isosurfices(generatedrom our experiments)are shovn in
Figure4. We aremainly interestedn unstructued-grid volumedatarepresentedsatetrahedramesh(i.e.,
a simplicial complex in 3D). This is the mostgeneralkclassof volumetricdataandhasbeenproposedasan
effective meansof representinglisparatdield datathatarisesin a broadspectrumof scientificapplications
including structuralmechanicscomputationafluid dynamics,partial differential equationsolvers, shock
physicsandsoon. Weremarkthatourresultscanbeeasilyappliedto structuedgrids (wheretheunderlying
cell topologyof the volumeis a cubeor a box) aswell, by first tetrahedralizingeachcube/boxinto 5 or 6
tetrahedrasis donein [5,9].

The contourtreeis a fundamentablatastructurethat representshe relationsbetweenconnecteccom-
ponentsof theisosurbicesembeddedn a volumedataset.Two connectecomponentshat meige together
(asonecontinuouslychangesheisovalue)arerepresentedstwo edgeghatjoin ata nodeof thetree. This
structurewasusedby vanKreveld et. al. [20] to speedup isosurficeextractionin the seed-celpropagation
paradigm:givenanisovalue,find a seedcell at eadh connecteccomponenbf theisosurfice,andgenerate
the isosurfice by exploring the neighboringcellsin the volume startingfrom the seedcells. (Note thata
cell in the volume datais eithera tetrahedror(a simplex in 3D) if the volumeis an unstructuredyrid, or
a cube/boxif the volumeis a structuredgrid). To save the spacecompleity, onewantsto keepthe setof
seecdcellssmall,while guaranteeinghatfor every connectedaomponentf everyisosurficethereis atleast
oneseedcell in the setsothatno componenbf the isosurbcewould be missed. Van Kreveld et. al. [20]
proposedhe useof the contourtreeto computesuchseedset.

The succinctencodingof the isosurfice topologiesin the contourtree also leadsto otherimportant
applications.Bajaj et. al. [2] proposedhedisplayof the contourtreeto provide the userwith insightsinto
the topologicalstructuresof the isosurbhcesembeddedn the volume data. Recently Pascucciand Cole-
McLaughlin [15] gave an elegantalgorithm of computingand associatinghe Betti numbers( 5y, 1, 52)
with the contourtreesothatthe isosurfcetopologies,ncludingthe numberof connectedcomponentand
the genusnumbey can be completelydeterminedand displayed. Very recently we developeda volume
simplificationtechniquethatpreseresall isosurficetopologieg6], by makinguseof the contourtree.

Giventheversatileandimportantapplicationsof the contourtree,in this papemwe focuson the efficient
computatiorof the contourtree. Throughouthe paperwe assumehattheinput volumehasn verticesand
m cells (equvalently O(m) edges)andt critical points(to bedefinedin Section2), wherethe sizeof the
contourtreeis boundedby O(¢). Notethatn = O(m).

Previous Work

Thefirst efficientalgorithmfor computingthe contourtreein 2D wasgivenby deBerg andvanKreveld [8],
with runningtime O(mlogm). Later van Kreveld et. al. [20] developedalgorithmsfor computingthe
contourtreein 2D with the samerunningtime (but simpler)andin higherdimensionin O(m?) time. They
alsoshaved how to computea small seed-celketfor fastisosurficeextractionusingthe contourtree[20].
Tarase andVyalyi [19] improvedthecompleity of computingthe contourtreein 3D to O(m log m) time.
Carret.al. [5] simplifiedandextendedhe methodof Tarase andVyalyi [19] sothatthecontourtreecanbe
computedn ary dimensionin O(ma(n) + nlogn) time, wherea(n) is a variantof the extremelyslowvly



growing inverseof the Ackermanns function. This algorithm[5] is simple and elggant, andis the basis
for proving the correctnes®f our new algorithmpresentedn this paper We review the algorithm[5] in
Section3.

The first output-sensitivalgorithm for computingthe contourtree was given by Pascucciand Cole-
McLaughlin[15], with runningtime O(n + ¢ logn), for structued grids. Notice thatfor structuredgrids,
m = O(n) andthusm doesnot appearin the bound. Recallthatt is the numberof critical pointsin the
volumedataandis the upperboundon the size of the contourtree. As mentionedabove, they alsogave a
very nice methodto associatehe Betti numbergo the contourtreeto enablethe computatiorof isosurfice
topologies.

The O(n + tlog n)-time contourtreealgorithm[15] is basedon the following niceidea. At eachstep,
thevolumeis recursvely subdvidedinto two halvesof roughly equalnumberof vertices with thecommon
boundary(the sepaator) having O(n2/3) vertices(and sameorder of edges). This splitting stepcanbe
performedtrivially on a structued grid in O(1) time—justtake a planecutting throughthe medianof the
volume. In eachof the half volume,the correspondingontourtreeis built recursvely, andthenthe two
contourtrees,oneon eachside,aremegedto form the final contourtree. The processs similar to meige
sort: whenthe sub-wlumehasonly O(1) vertices,computingthe contourtreetakesO(1) time. Thetrick
is in the mege step:the two contourtreesfrom thetwo sub-wlumescanpossiblyinteractwith eachother
only at the O(n2/3) verticeson the separatorfor the restof the two contourtreeswe just needto copy
them,which takes O(¢) time at eachrecursve level. Therefore the meming step,ratherthantaking O(n)
time asin the melge sort, tal<esO(n2/3a(n) + t) time (by meging the separatorerticesfrom both sides
into a combinedsortedlist andthenperformingthe sweepingalgorithmof Carret. al. [5] with union-find
operationg7], pluscopying theunchangedgortionsof thetwo contourtrees).Sincethe mege step(aswell
asthesplitting step)takeslessthanlineartime in n, the overall complexity is O(n + tlogn).

In [15] theauthorsalsomentionedhattheirmethodmightbeextendedo unstructuedgrids, by pointing
out the O(n)-time algorithms[12,13] for finding a separatowith O(n?/3) verticesin unstructuredyrids.
However, even with theseseparatomlgorithms,the output-sensitie boundno longerholds: The volume
splitting step, originally taking O(1) time in eachrecursionfor structuredgrids, now takes O(n) time,
whichis the sameasthe memge-stepcompleity in mege sort—theoverall compleity for all splitting steps
is O(n log n) already andthusit doesnot payoff to usethemorecomplicatedseparatoalgorithms[12,13],
comparedo thesimplesortingstepusedin thealgorithmof Carret. al. [5].

Our Results

In this paper we presenta new output-sensitivalgorithmfor computingthe contourtree. Our algorithm
is simple,and achieves the optimal boundof ©(m + tlogt) in runningtime, for both structued andun-
structued grids. Sincethereis alower boundof Q(m + tlog t) by thelower boundconstructiorof Bajaj et
al. [3] (seeSection2), our algorithmis optimal Our algorithmimprovesthe previous bestrunningtime of
O(ma(n) + nlogn) givenby Carret. al. [5] for unstructuredyrids, andasthe algorithmof [5], worksin
all dimensionsaswell.

Thekey ideaof our algorithmis to avoid sortingall vertices,but ratheridentify all critical pointsfirst,
sortthem, andthen connectthemusing a clever sweeping.An interestingaspeciof our sweepings that
we do not needto explorethe entiresetof the vertices,but overall only explore a very small portion of the
vertex set,via socalledmonotongaths Moreover, we traversethe monotongrathsalongthedirectionthat
is oppositeto the sweepingdirection.

We have implementedbur algorithmand performedexperimentson dataset$rom real-world scientific
visualizationapplications.The experimentsshaw thattypically ¢ is lessthan5% of the overallnumbern, of
theinput vertices,andthatour algorithmis 2 to 3 timesasfastasthe previous bestalgorithm[5]. We refer
to Section5 for thedetails.

Weremarkthatconcurrento ourwork, LenzandRote[11] independentlylevelopedanoutput-sensitie



algorithmfor computingcontourtrees,achiezing the sameoptimalboundof ©(m + tlog t) asours. Their
techniquds alsobasedn thesimilarideaof exploring monotongathsandis essentiallyequivalentto ours,
with differentalgorithmdetailsandproof methods.

2 Preliminaries

Our resultsextendto ary dimensionsasthe resultsof Carr et. al. [5]. However, motivatedby real-world
applicationswve will mainly focusour discussion®n the caseof 3D.

A scalar volumedatasetconsistsof tuples(v, F'(v)), wherew is a 3D samplepoint and F' is a scalar
function definedover 3D points. Our main interestis on unstructued-grid volume datarepresenteésa
tetrahedramesh(i.e., a simplicial complex in 3D) sincethis is the mostgeneralclassof volumedataand
hasfoundextensie applications For a simplicial comple, we naturallychooseF' to be a piecavise-linear
functionwhosevalueat a samplepoint v (whichis avertex of the mesh)is the scalardatavalue F'(v), and
whosevalue at a point within a simplex is obtainedby linear interpolationfrom the scalarvaluesof the
simplex vertices.Moreover, we assumehatthe scalarvaluesat verticesaredistinct (achieved by symbolic
perturbation) Thesearethe sameassumptionsisedin Carret.al. [5].

Givenanisovalue g, theisosurfaceC(q) atvalueq is definedasthesetC(q) = {p|F(p) = ¢}. Ina
moregeneralterm, it is calledthe level setat ¢, wherea level setin a 2D meshis anisolineandin a 3D
meshis calledanisosurface In generalonecanconsiderevel setsin a higherdimensionaimesh.We will
usethe termisosurfacethroughoutthe paper(for our focuson the 3D case) thoughthe conceptsapply to
themoregeneralevel set

Thefield of Morsetheory[4,14,18] studieghechangedn topologyof isosurficeastheisovaluechanges.
Oneimportantnotionis thatof critical points which arethe pointswheretheisosurficetopologychanges
(i.e.,anisosurhceconnecteccomponentppears/disappeahangegenus splitsto morecomponentsor
componentsneige) aswe continuouslychangethe isovalue. Morsetheoryrequiresthatthe critical points
beisolated,.e., thatthey occuratdistinctpointsandvalues.A functionsatisfyingthis conditionis calleda
Morsefunction All pointsotherthancritical pointsarecalledregular pointsanddo not affect the number
or genusof component®f theisosurace.Notethatour assumptionsn thescalarfunction F' that(1) it isa
linearinterpolantover a simplicial comple, and(2) the scalarvaluesat verticesaredistinct, ensurethat F
is aMorsefunction,andthatthe critical pointsoccurat verticesof the mesh[4].

Therearethreetypesof critical points: minimum, maximum,and saddlepoints. A vertex with scalar
valuesmaller(resp. larger) thanthoseof all its neighboringverticesis calleda minimum(resp.maximunj,
andcorrespondso the appearingresp.,disappearing of anisosurbceconnectecomponentf we change
the isovalue continuouslyfrom —oo to co. A saddlepoint is the remainingtype of critical point, and
correspond$o anisosurficeconnectedomponensplit/mege or achangeof genusnumber

The contourtree of a Morse function is a graphin which (1) eachleaf noderepresenta minimum
or a maximumcritical point, at which anisosuriceconnecteccomponentippearsr disappears(2) each
interior noderepresentshe joining and/orsplitting of two or moreisosurficeconnecteccomponentst a
critical point, which is necessarilya saddlepoint, and(3) eachedgerepresents connecteccomponenin
theisosurficesat all isovaluesbetweerthe scalarvaluesof thetwo endpointhodesof the edge.This graph
is shawvn to beatree[20], hencecalledacontourtree In addition,thenodedn thecontourtreearenaturally
sortedby thescalarvaluesin increasingorderfrom bottomto top [20] (seeFig. 1(a)for anexample).

Notice that all nodesin the contourtree are critical points, so the size of the contourtreeis bounded
by O(t), wheret is the numberof critical point. However, notall critical pointsarenecessarilypresentn
the contourtree—thosesaddlepointsthat corresponanly to the genuschange of anisosurfceconnected
componenaremissingfrom thetree,andthussuchgenus-changeventscannot be capturedoy thecontour
tree. If we augmentan ordinary contourtreewith suchgenus-change-onlgritical points (so thatthe tree
containsall critical points),againwith all nodesin the tree sortedby the scalarvaluesin increasingorder



from bottomto top, the resultingcontourtreeis called an augmentedcontour tree (seeFig. 1(b) for an
example).In suchtree,anedgerepresentin@nisosuriiceconnectedcomponents further subdvided into
sgmentshy the genus-change-onlgaddlepointsin that component(seeFig. 1(b)); eachsegmentnow
definesa topolayical-equivdence region, meaningthat betweenthe scalarvaluesof the two endpointsof
eachsegment,thereis no isosuracetopologychange.In this way, the augmenteaontourtreecapturesall
isosurficetopologychangesFinally, if acontourtreeis augmentedvith all verticesof themesh,including
all critical pointsandregularpoints,we call it afully augmentedontourtre€* (seeFig. 1(c)for anexample).

It isworthnotingthatthenodesn thecontourtreearesortedalongeachmonotoneathin thetree.Bajaj
etal. [3] have usedthis propertyto prove a lower boundof Q(tlogt) onthe worst-casdime to construct
the contourtreeby reductionfrom sorting. For ary givensetof ¢ numbersthey shavedhow to constructa
bivariatepiecavise linear function on a triangulateddomainof size O(t¢), sothatthe contourtree contains
a long monotonepath from which the sortedsequencef ¢ numberscanbe readoff. Togetherwith the
Q(m + n) = Q(m) time for readingthe input, this givesa lower boundof 2(m + ¢ log¢) ontherunning
time for computingthe contourtree.

Figurel: Schematiexamplesof anordinarycontourtree,anaugmentedontourtreg andafully augmented
contourtree(the labelof a nodedenotests scalarvalue): (a) ordinarycontourtree; (b) augmenteaontour

tree;(c) fully augmentedontourtree. In (b), the squarenodesaregenus-change-onlyaddlepoints. Each

sgmentdefinesa topolgyical-equinalence region, wherean endpointof a segmentcan eitherbe a square
nodeor a non-filled circle node. The edge(3,4) is divided into three sggments(3, 3.4), (3.4,3.8) and

(3.8,4). In (c), the squarenodesare genus-change-onlsaddlepointsasin (b), andthefilled circle nodes
areverticesof the meshthatareregularpoints.

3 Review: Sweep Algorithm for Contour Trees

In this section,we review the algorithmof Carret. al. [5] for computingthe fully augmentedtontourtree
i.e., the contourtreewith all verticesof the meshpresenin the tree;seeSection2. (The ordinarycontour
treecanbe obtainedby removing nodesrom thefully augmentedontourtree.) This algorithmwill beused
in Section4 to prove thecorrectnessf our new algorithm.

1In [5], thetermaugmentedontourtreemeansour fully augmentedontourtreehere andthereis no concepf a contourtree
containingall critical pointsbut no regularpoints,i.e., thereis no conceptof ouraugmenteaontourtreehere.



Thealgorithmof Carret. al. [5] consistf thefollowing stages.

1. Sortall n verticesof the meshby the scalarvalues.

2. Performa sweepof then verticesfrom the smallestscalarvalueto the largestscalarvalue,andbuild
thejoin tree(definedbelow).

3. Performanothersweepof then vertices now from thelargestscalavalueto the smallestscalavalue,
andbuild the split tree(definedbelow).

4. Merge the join tree andsplit tree togetherto obtainthe fully augmentedcontourtree. Performan
optionalstepof remaving nodeso obtainthe ordinarycontourtreeif needed.

Theformal definitionsof join treeandsplit treearegivenin [5], but the conceptis bestunderstoody

a sweepingprocesgseeFig. 2). Givena contourtree,if we sweepthe contourtreenodesfrom bottomto

top, andignorethe splitting events,namely componentganonly mege (i.e. join) but never split, thenwe

getthejoin tree Obsere thattheleavescorrespondo theverticesof local minimumandto the creationof

isosurhcecomponentsandthateventuallyall componentsneigeinto onecomponentfor whichthehighest
node,namelytheroot, correspond$o a vertex of local maximum(seeFig. 2(b)). Similarly, if we sweepthe
contourtreenodesfrom top to bottomandonly allow componentdo mege, thenwe obtainthe split tree
(seeFig. 2(c)). Notethatif we fix thesweepingdirectionto bealwaysfrom bottomto top, thenthesplit tree
alwayssplitsandnever memge.

(@) (b) (©)
10

©)
N o~ o o9

Figure2: An exampleof a contourtreeandits correspondingoin treeandsplit tree: (a) contourtree; (b)
join tree;(c) splittree.

It is shavn in [5] that Stage4 canbe performedin time linear in the total size of the join and split
trees.Stage2 andStage3 arecompletelysymmetric,andareessentiallythe sameprocesgperformedn the
oppositesweepingdirections.To understanaur new algorithm, it sufficesto describeStage2, the process
of computingthejoin tree.

Now we describethealgorithmof [5] for computingthejoin tree.During the sweepprocessthe union-
find datastructure[7] is usedto maintainthe connectity informationfor theisosurbceconnectedcompo-
nents.Initially, eachvertex is addedto its own singletonset. As we sweepfrom the vertex of the smallest
scalarvalue to the vertex of the largestscalarvalue (viewed as changingthe isovalue of the isosuraice



continuously) the verticescorrespondindo the sameconnecteccomponenbof the isosurceareunioned
togetherinto the sameset,which correspond$o anedgein thejoin tree.

For the currentvertex v duringthe sweepwe look atits neighboringvertices(neighboringn the mesh)
with scalarvaluelessthanw. If thereis no suchneighboythenwv is aminimumcritical point corresponding
to theappearingf anew isosurbceconnectedomponent—wereatea new setcontainingv andalsoanew
leaf of the join tree. If v hassomeneighborswith smallerscalarvaluestheneachsuchneighborhasbeen
processedsincethesweeps in the orderof increasingscalarvalues)andputto the correctset. We perform
thefind-setoperationon eachof suchneighborsf theseneighborsareall in the sameset,i.e.,in thesame
connecteccomponentthenwe just addw to this set,effectively addingwv to this connecteccomponent.If
someof theseneighborshelongto differentsets,thenit meanghatthesedifferentconnecteccomponents,
eachfrom a distinct set,now meige togetherat v to becomea singleconnectecomponent— is a saddle
pointfor componentsneige. We performunion operationn thesesetsto unionthemtogetheraswell as
puttingwv to this newly unionedset,andgrow thejoin treeaccordingly

It is easyto seethatthe entire sweepingprocessnvolves O(n) unionoperationsaandO(m) find oper
ations(thereare O(m) edges)soit takesO(ma(m,n)) time for sweeping.Including the sortingtime in
Stagel, theoveralltimeis O(ma(m,n) + nlogn).

4 Output-Sensitive Algorithm for Contour Trees

In this sectionwe presenbur new output-sensitie algorithmfor computingcontourtrees.Our mainalgo-

rithm computeshe augmentedontourtreg i.e., the contourtree augmentedvith all genus-change-onl
critical points(andhencethe contourtreecontainingall critical points;seeSection2). Notethataugmented
contourtreecaptuesall eventsof isosurficetopologicalchangesincludinggenuschangs If we only need

the ordinarycontourtree,thenit canbe obtainedoy remaving nodesfrom theaugmenteaontourtree.

Main Algorithm

Now we presentour main contourtree algorithm, which computesthe augmentedontourtreg i.e., the
contourtreecontainingall critical points(andhencecapturingall eventsof isosurficetopologicalchanges).
Recallfrom Section3 thatthealgorithmof Carret. al. [5] cannotdistinguishbetweera regularpointanda
genus-change-onlgritical point. In fact,thecriticality of a vertex is notknown until theentirecontourtree
is built, andthuswe do not know which verticesaremoreimportantthanthe others.

Thekey ideaof our algorithmis to avoid sortingall vertices,but ratheridentify all critical pointsfirst,
sortthem, andthenconnectthemusing a clever sweeping.An interestingaspectof our sweepingis that
we do not needto explorethe entiresetof the vertices,but overall only explore a very small portion of the
vertex set,via socalledmonotongaths Moreover, we traversethe monotongrathsalongthedirectionthat
is oppositeto the sweepingdirection.

Our algorithmconsistsof thefollowing stages.

1. Scanthroughthe n vertices,classify eachvertex into eithera critical point (local minimum, local
maximum,or saddlepoint) or aregularpoint. In the processalsocollectall critical points. Suppose
therearet critical points.

2. Sortthet critical pointsby their scalarvalues.

3. Performasweepof thet critical pointsfrom thesmallestscalarvalueto thelargest,andbuild thejoin
tree.

4. Performanothersweepof thet critical points,now from the largestscalarvalueto the smallestand
build the split tree.



5. Mergethejoin treeandthesplit treeto obtainthe contourtree.

Again, Stage3 and Stage4 are completelysymmetric,and canbe carriedout by the sameprocedure
with the oppositesweepingdirections.Also, Stage5 canbe performedby the tree-meging methodof [5].
Thereforewe only needto describeStagel andStages.

We first describeStagel: classificationof the verticesinto critical or regular points. We canclassifya
vertex v for its criticality by locally checkingits neighboringverticeq[1,9], summarizedsfollows. Wetake
all thetetrahedratellssharingv asoneof theircell vertices.For eachsuchcell, thereis onetrianglewithout
usingv asaverte (i.e., thetrianglefacingv). We take all suchtriangles,whoseverticesare exactly the
neighborof v andwhoseedgesonnectheseneighbordogether Theserianglesthenform agraphG with
nodesandedgeseingtheverticesandtheedgesof thetriangles.For eachnodep in G, we classifyp as“+”
if its scalarvalueis largerthanthe scalarvalueof v, and“—" otherwise.Recallthatall the scalarvaluesat
verticesaredistinct. Now in thegraphG, we remove edgesconnectingwo nodesof oppositesigns(a“+”
anda“—") andobtaina new graphG’. Now, we computethe connecteccomponentsn G’ via depth-first
searchor bread-firstsearchandcounthowv mary connecteccomponentshereare. Note thatthe nodesin
the sameconnecteccomponentall have the samesign. If thereare exactly two componentgnecessarily
one“+” andone*—") thenw is a regular point. Otherwisew is a critical point, with the following cases:
onecomponent—aminimum (for a“+"” componentpr amaximum(for a“—" component)morethantwo
components—a&addlepoint. This processworks for higher dimensionalsimplicial meshedoo, with an
ohbviousanalogyfrom a 3D simplex to higherdimensionakimplex.

Clearly theabove procesgakestime proportionalto the numberof neighborsof v, which canbe O(n),
andthusoverallit canbe O(n?) time to classifyall vertices.However, takinga closerlook, we seethatthe
numberof neighborof v isits vertex degreein theoriginal mesh sotheoverallwork is boundedy thetotal
numberof edgesin themesh,i.e., O(m). We remarkthatusuallya tetrahedrameshis givenin the form
of avertex list anda cell list, whereeachcell hasindicesto its four verticesin thevertex list. By scanning
throughthecell list andputtingeachcell to its four verticesin thevertex list, we obtainthe vertex-neighbor
informationasneededin O(m) time. In theprocesswe alsorecordthe neighbor=f v with thelargestand
thesmallesiscalarvalues,amongtheseneighbors.This informationwill beusedin the sweepingorocesof
Stages3 and4.

Lemmal We can classifyall n verticesof a simplicial meshin any dimensionsnto regular points or
minimum,maximum,r saddlecritical points,in a total of O(m) time, whee m is the numberof cellsin
themesh.

Now we describeStage3, theconstructiorof thejoin tree. Recallthatwe sweepthecritical pointsin the
orderof increasingscalarvalues.During the sweepingorocessye alsousethe union-finddatastructurg 7]
to maintaintheisosurficeconnectedomponentsnformationsimilar to the algorithmof [5].

First, we definethe conceptof a monotonepath A monotonepath in the meshis a directedpath
consistingof verticesand edgesof the meshsuchthat traversingalong the path the scalarvaluesof the
verticeson the pathis monotonicallydecreasingr increasing;we call sucha path monotonedeceasing
pathif thevaluesdecreasandmonotonéncreasingpathif the valuesincrease.

We arereadyto describeour sweepalgorithmfor constructingthe join treein Stage3. For a current
critical point ¢, we distinguishthefollowing cases.

1. cisaminimumcritical point. Putc into anew set,andcreatea new leafin thejoin tree.

2. cis asaddlepoint.

Considerthe neighborsof ¢ that have scalarvaluessmallerthan ¢ andthat are not visited before.
(Suchneighboramustberegular points sinceary critical pointwith a smallerscalarvaluethanc has
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beenprocesseandyvisited.) For eachsuchneighborv, we wantto putwv to the correctset“below v”,
thatis, the correctsetcontainingsomecritical pointsthathave beenprocessedbefore(equivalently
thecritical pointswith scalarvaluessmallerthanv).

Thetaskis carriedoutasfollows. For eachsuchv, explorea monotonedeceasingpathstartingfrom

v, i.e., startingfrom v, continuouslyvisit a neighborof the currentvertex with a smallerscalarvalue
thanthe currentvertex (recallthatin Stagel we recordfor eachvertex its largestandsmallestscalar

valueneighbors)until a vertex x visited beforeis reached By Lemmaz2 below, therealwaysexists
a monotonedecreasingathfrom v beforereachinga vertex x visited before. Putv andall vertices
on the monotonedecreasingathto the setS(z) of x, effectively putting theseverticesto the same
connectecomponenbdf S(z).

Whenall suchneighborsv of ¢ areput to someexisting sets,look at all neighborsof ¢ with scalar
valuessmallerthanc, includingthosevisited before. Theseneighborshave all beenassignedo some
sets. Performthe find operationto seethesesets. If they areall the sameset,thenc is a “genus-
change-onlsaddlepointfor joint tree”, meaningthatc doesnot causeconnected-componenumber
to changen thejoin tree(but it maycauseconnected-componentimberto changen thesplittree)—
put ¢ to this setand continueto grow the join tree. Otherwise whenthereare somedifferentsets,
thenc causescomponentdo meige—unionthesesetsinto one set,add ¢ to the set,andjoin these
componentst c in thejoin tree.

3. cisamaximumpoint. This caseis similarto thatof a saddlepoint, but we only needto go from one
neighborv of ¢ (sinceall otherneighbordeadto the sameset),andproceedasbefore.

Lemma 2 Whenwe explore from v, there is alwaysa monotonedeceasingpath from v befoe we stop
exploring.

Proof. The only casethatwe cannotfind a neighborwith smallerscalarvalueis whenthe currentvertex is
aminimumocritical point, which musthave beenvisited before. il

Lemma 3 Thealgorithmcorrectly computeshejoin tree

Proof. We wantto shawv that every vertex visited by the algorithmis put to the correctsetasin the orig-
inal sweepalgorithm[5] describedn Section3. Thenthe correctnes®f our algorithmfollows from the
correctnessf the original algorithm[5].

We prove the aborve statemenby inductionon the numberof critical pointsprocessedThe basecases
trivially true,aswe procesghe first minimum critical pointandputit to a singletonset. For the induction
step,considetthecurrentcritical point ¢ beingprocessedOurgoalis to shaw thatevery neighborv of ¢ with
asmallerscalarvalueis putto thecorrectset(sothatc correctlyjoins differentconnectedomponentand/or
is putto thecorrectset),andthatall verticesin eachmonotonedecreasingathfrom suchanurvisitedv are
putto thecorrectsetaswell. Notethatif suchv hasbeenvisitedbefore thenv wasvisitedwhenprocessing
somecritical point ¢’ prior to processing: (possiblyv = ¢’), andhencev hasbeenputto the correctsetby
inductionhypothesisNow it remainsto shawv thefollowing claim.

Claim 4 Everyneighborv of ¢ thathasa smallerscalarvaluethanc andthatis notvisitedbefoe is putto
thecorrectset.Moreover, all verticesin themonotonedeceasingpathfromuw to x are putto the correctset

aswell, whee x is thefirstencountezd vertex visitedbefore whenexploring the monotonedeceasingpath
fromu.



Proof of Claim. Recallthatvy mustbearegularpoint, sincea critical pointwith a smallerscalarvaluethan
¢ musthave beenvisited before. Considerthe correctjoin treeT; (with all verticespresent)producedby
the original algorithm([5] asdescribedn Section3, atthe snapshotof the sweepingatc. Thenwv hasbeen
correctlyputinto someset,sayS;. Considerthe segmentof 77 containingv, andthe highestcritical point
a on this sggmentthatis belov v. (Herea segmentin the join tree containsonly regular verticesin the
interior, plustwo critical endpointsjn thejoin tree.) Thena is thehighest-aluedcritical pointin the setS;
containingw, andthereis apath P, in T3 linking a to v throughregular verticesonly (seeFig. 3(a)).

Now, suppose@ur algorithmproducesa join treeT5,, andatthe point of processing asdescribedn our
algorithm,v is putto asetS,. Thismeanghataswe explorethe monotonedecreasingath P (in themesh
from v to x, we stopat the previously visited vertex z andput all theverticeson P, includingv, to the set
containingz, whichis Ss. Let 2’ be the highest-aluedcritical pointin Sy with scalarvalue smallerthan
v; in our constructedoin treeT5, v andz’ areon the samesggment,andz’ is the highestcritical point on
this sggmentthatis belov v. We wantto shav thata = z' (andhenceS; = S3). Assumefor the purpose
of contradictionthatthis is not true. Sincethereis a monotonedecreasingpath P (in the mesh from v to
x, aswe sweepfrom z’ to v usingthe original sweepingalgorithm[5], theverticeson P with scalarvalues
largerthanz’ will be swept,in thereverseorderof P, leadingall suchverticesaswell asv to beincluded
into Sy (notethatx andz’ arein the samesetS,, andhencethereis a pathin the meshconnectingz’ and
x). Therefore,in the correctjoin tree T}, thereis a path P, from z’ to v (seeFig. 3(b)). This meanshat
usingthe original sweepingalgorithm[5], the two distinct setsS; and.S; in the correctjoin treeT; will
becomeasinglesetatthetime v is reachedLet v’ bethe pointatwhich S; andS; memge (possiblyy’ = v,
or otherwisev’ hasa smallerscalarvaluethanv). Notethatthe scalarvalueof v" mustbelargerthanbotha
andz’, or otherwiseS; wouldbepartof S, or vice versaandthetwo setswould notbedistinct. Obsere that
v is a saddlepoint meging S; andS; in T (seeFig. 3(b)). However, v’ is on P; with scalarvaluelarger
thana, meaningthatv’ canonly be a regular point (this is true for v = v too—recallthatv is a regular
point), a contradiction.Thereforea = ' andS; = S,. Sincethe verticesin the monotonedecreasingath
P areputto Sy = S, they areputto thecorrectsetaswell. O

Figure3: Proofof Claim4. (a) Correctjoin treeT;. Thepath P, in T} links a to v throughregular vertices
only. (b) Correctjoin treeT;, assuminghata # z’' (andhenceS; # Ss). Thereis apath P, in T} from z’
tov.

Theproof of Claim 4 completegheinduction,andthelemmafollows. B

10



Additional Algorithm Details and Analysis

Now we analyzethe running time of our algorithm. Supposeherearen’ verticesvisited, wheren' =
O(n). If all thesen' verticesparticipatein the union-finddatastructure thenwe needto performn’ union
operations. However, we can do betterthanthat. Obsere that a monotonedecreasingrath from v to
x (excluding ) containsregular points only; theseregular points cannotcauseary componentaneige
and hencedo not actually needthe supportof the union operation—weonly needto assignthemto the
destinatiorset. Therefore we malke the following simpleimprovementof the algorithm: Only the critical
points participatein the union-find datastructure,i.e., we startthe union-find structurewith eachcritical
pointin a singletonset. Whenwe assigna regularpoint w to a set,we puta pointerfrom w to somepointp
in theset,wherep is necessariha critical point. Whenwe explorea monotonedecreasingath P from v to
x, wherez is thefirst encounteredertex visited before,we have thatx is eithera critical pointor aregular
pointwith apointerto somecritical pointp. Then,for eachvertex w on P, we eitherputa pointerfrom w to
x if z is acritical point, or otherwisewe puta pointerfrom w to p. To performafind operationonaregular
point, we justfollow the pointerto thecritical pointin O(1) time, andthenperforma find operationon that
critical point. In this way, thetotal numberof unionoperationss t.

It is easyto seethatexploringthemonotonelecreasingathsoveralltakesO(n') time (O(n') = O(n) =
O(m), butin practicen’ is very smallcomparedo n; seeSection5). Eachsuchpath P stopsat somevertex
x visited before,so a vertex might be visited morethanonetime. However, eachP containsat leastone
urvisitedvertex v, andhencethe costof looking atthe stoppingpoint x canbe chagedto v.

To analyzethe numberof find operationperformedpbsere thatfor eachcritical point ¢, wetry to find
the setof eachneighborv of ¢ with a smallerscalarvaluethanc. Clearly we performe, find operations,
wheree, is the total numberof edgesn the meshwith at leastonecritical endpoint(notethate, > ¢ but
e. = O(m); typically e. is muchsmallerthanthetotal numberof edgesandalsomuchsmallerthanthetotal
numberof cells,m; seeSection5). Overall, therearet unionoperationsande,. find operationsandhence
thetotaltime for theunion-findoperationss O(e. - a(e., t)), wherea(e, t) is theextremelyslowvly growving
inverseof the Ackermanns function. Summingover thetime for all stagesthe overall time compleity is
O(m+tlogt+ e, - a(ec,t)).

We canmalke the abore boundoptimal (O(m + tlog t)) by usingthe sameanalysistechniqueof Lenz
andRote[11] asfollows: For e, > tloglogt, we have a(e.,t) < 1, ande. - a(e,t) = O(e.) = O(m). For
e. < tloglogt, wehavee, - a(e.,t) < tloglogt- ale.,t) < tloglogt- a(t,t) = O(tlogt).

Theorem 5 For a meshin any dimensiorwith m cellsandt critical points,there existsan algorithmthat
computeshe contourtreein optimal©(m + tlog t) time

5 Experimental Results

We have implementedboth our new algorithm presentedn Section4 and the sweepalgorithm [5]
describedn Section3 in C++/C,andranour experimentson a SunBlade 1000workstationwith 750MHz
UltraSRARC Ill CPU and 4GB of main memory The datasetave usedfor the experiments,aslistedin
Table 1, areall from real-world scientific visualizationapplications: The Blunt Fin (blunt, blunt2), the
Liquid OxygenPost(post, post2),and the Delta Wing (delta, delta2) datasetsare from NASA, andthe
ComhustionChambeircomb,comb2)datasetarefrom Vtk [17] (generatedrom a comhustionsimulation).
Thesedatasetsare all given astetrahedralvolume data,and eachpair of datasetge.g., blunt andblunt2)
are at different samplingratesand hencetheir input sizesare different. Somerepresentate isosurhices
generatedrom our experimentsaregivenin Figures4.

For eachof the datasetswe ran our algorithmandthe sweepalgorithm[5] to build the contourtree.
Detailedstatisticsof theexperimentsaregivenin Tablel. It is veryinterestingo seethatfor all thedatasets
testedthe numbert of critical pointsis typically fairly small,rangingfrom 0.152%to 4.44%of the overall
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Figure4: Typical isosurbces. The uppertwo arefrom the Blunt Fin dataset.The onesin the bottomare
from the ComhustionChambedataset.
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Dataset\ # Cells \ # Vert.

| #Crit. Pts(%) | e. (%)

blunt 187395 | 40960 1820(4.44%) | 20072(10.7%)
comb | 215040 | 47025 | 524(1.11%) | 5791(2.7%)
post | 513375 | 109744 | 927(0.84%) | 10349(2.0%)
delta | 1005675| 211680 | 1462(0.70%) | 17307(1.7%)
blunt2 | 749580 | 228355 | 1833(0.80%) | 58159(7.8%)
comb2 | 860160 | 262065 | 533(0.20%) | 13615(1.6%)
post2 | 2053500| 623119 | 947(0.152%) | 24241(1.2%)
delta2 | 4022700| 1217355| 2042(0.17%) | 52913(1.3%)
| Dataset| n-Join(%) | n’-Split(%) | New (s) | Sweep(s) |
blunt | 9958(24.3%) | 8345(20.4%) | 2.04 | 4.66
comb | 4953(10.5%) | 3257(6.9%) | 2.34 | 2.95
post | 12163(11.1%) | 4544(4.1%) | 558 | 9.24
delta | 13669(6.5%) | 10157(4.8%) | 10.94 | 24.36
blunt2 | 9894(4.3%) | 8310(3.6%) | 8.40 | 25.35
comb2 | 4802(1.8%) | 3180(1.2%) | 9.49 | 13.53
post2 | 11927(1.9%) | 3906(0.6%) | 22.70 | 44.77
delta2 | 16875(1.4%) | 12028(1.0%) | 43.94 146.72

Table 1. Experimentalresults. For eachdatasetwe list the numberof cells, the numberof vertices,the
numberof critical points(andthe percentagethe numbere,. of edgedn the meshwith atleastonecritical
endpoint(andthe percentag®f theratio over the numberof cells),the numbern’ of vertices(andthe per
centageVisited by our algorithmin computingthejoin tree,the numberrn’ of vertices(andthe percentage)
visited by our algorithmin computingthe split tree, the total runningtime (in secondspf our algorithm
in computingthe join treeandthe split tree,andfinally the total runningtime (in secondspf the sweep
algorithm[5] in computingthejoin treeandthe split tree. Thetotal runningtime doesnotincludethetime
for readingtheinputfile from disk.

numbern of the input vertices. This certainlyshavs the importanceof having an output-sensitiveontour
treealgorithm,wherethesizeof the outputcontourtreeis O(t) ratherthanO(n). We alsoshav thenumber
e. of theedgeswith atleastonecritical endpointwhichis lessthan3% of the numberm of cellsfor all but
two datasetsested.Recallthatour union-findoperationgakestime O(e. - a(e., t)); with a(e., t) nomore
than4 in practice,we seethate. - a(e., t) is muchsmallerthanm, meaningthatthe time for performing
union-findoperationss dominatedoy O(m) in practice.

We alsoshaw in Tablel the numbern’ of the verticesvisited by our algorithmduring the construction
of the join treeandthe split tree. Recallfrom Section4 that our algorithmdoesnot explore all the input
vertices,but ratheronly exploresa monotonepath,to connecta neighboringvertex of the currentcritical
pointto someexisting set. Herewe seethatn’ is indeedvery small,rangingfrom aslow as0.6%to 24.3%
of n, shawving thatour algorithmonly exploresa very small portion of the input. Recallthatexploring all
monotonepathstakesO(n') time in total; with bothn’ and¢ muchsmallerthann in practice,our running
timeis essentiallythe O(m) time for processindheinputin theinitial stage.

Finally, we comparethe overall runningtime of our algorithmwith the sweepalgorithmof [5] in com-
putingthejoin treeandthe split tree. Theserunningtimesincludethosefor all the stepsin computingthe
contourtree,exceptfor thetime for readingthe input from disk andthetime for meging the join treeand
the split tree(sincethesetimesarethe samefor both algorithms). The advantageof our algorithmis clear
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andtypically ouralgorithmis about2 to 3 timesasfast. As thedatasesizeincreasesthe saszingsin running
time by our algorithmalsoincreasesfor the largestdatasein Table 1, we reducethe runningtime from
146.72seconddo 43.94seconds.

6 Conclusions

We have presentedh new output-sensitie algorithmfor computingthe contourtree, which is simpleand
achievesthe optimalboundof ©(m + tlogt) in runningtime, for both structued andunstructued grids.
Our algorithmimprovestheboundof O(ma(n) + nlogn) givenby the previous bestalgorithm[5] for the
unstructuredyridsrepresentedssimplicial complees,and,asthatof [5], worksin all dimensionsaswell.
Our experimentsshav thattypically our algorithmis 2 to 3 timesasfastasthe previous bestalgorithm[5],
andeffectively achievestherunningtime of O(m) in practice.
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