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Abstract
By using mirror reflectionsof a scene, stereo images

canbecapturedwith a singlecamera (catadioptricstereo).
Singlecamera stereo providesboth geometricand radio-
metricadvantagesover traditional two camera stereo. In
thispaper, wediscussthegeometryandcalibrationof cata-
dioptric stereowith two planar mirrors andshowhowthe
relativeorientation,theepipolargeometryandtheestima-
tion of the focal lengthare constrainedby planar motion.
In addition,wehaveimplementeda real-timesystemwhich
demonstratestheviability of stereowith mirrors asan al-
ternativeto traditional twocamera stereo.

1 Intr oduction
Opticalsystemsconsistingof a combinationof refract-

ing (lens)andreflecting(mirror) elementsarecalledcata-
dioptric systems[9]. Stereois oneareaof computervi-
sionwhichcanbenefitfrom suchsystems.By usingtwo or
moremirroredsurfaces,astereoview canbecapturedby a
singlecamera(catadioptricstereo).Thishasthefollowing
advantagesovertraditionaltwo camerastereo.

� Identical SystemParameters: Lens,CCD anddigi-
tizerparameterssuchasblurring, lensdistortions,fo-
cal length,spectralresponse,gain,offset,pixel size,
etc. areidenticalfor thestereopair. Having identical
systemparametersfacilitatesstereomatching.

� Easeof Calibration: Becauseonly a singlecamera
and digitizer are used, there is only one set of in-
trinsic calibrationparameters.Furthermore,we will
show thattheextrinsiccalibrationparametersarecon-
strainedby planarmotion. Togethertheseconstraints
reduce the total number of calibration parameters
from 16 in traditionalstereoto 10 in ourcase.

� Data Acquisition: Camerasynchronizationis not an
issuebecauseonly a single camerais used. Stereo
datacan easily be acquiredandconvenientlystored
with a standardvideo recorderwithout the needto
synchronizemultiplecameras.

�
This work wassupportedin partby DARPA’s VSAM ImageUnder-

standingProgram,underONRcontractN00014-97-1-0553.

Previously, several researchershave demonstratedthe
useof both curved and planarmirrors to acquirestereo
datawith a singlecamera.Curvedmirrorshave beenpri-
marily usedto capturea widefield of view. Systemsusing
sphericalandconvex mirrorshave beensuggestedby [19]
and [24]. Neneand Nayar [20] enumeratedthe classof
catadioptricstereoconfigurationswhich preserve a single
viewpoint. The epipolargeometryof curvedmirrors was
studiedin [25].

As pointedout by several researchers[26] [21] [18], it
is possibleto reconstructa sceneby imagingthescenere-
flectionin arotatingplanarmirror. However, thesesystems
requiremorethanoneimageandthereforea staticscene.
Mitsumotoetal. [17] previouslydescribedastereomethod
whichimagesanobjectandits reflectionsin asetof planar
mirrors. Here,the mirrors wereusedto obtainocclusion
freeimagesof theobject.Recently, Shashuasuggestedus-
ing catadioptricstereofor non-rigidstereoplatforms[23].

A few researchershavedemonstratedtheuseof asingle
cameraandtwo or moreplanarmirrors to acquirestereo
datain asingleimage[5] [14] [10]. However, thegeometry
andcalibrationof thesesystemshasyet to beexplored.In
this paper, we will discussseveralcalibrationissuesin re-
gardto singlecamerastereowith planarmirrors,including
relative orientation,epipolargeometry, anddetermination
of thefocal length.Theseresultswill providea theoretical
foundationfor catadioptricstereo.In addition,wewill de-
scribeareal-timecatadioptricstereosystemwhichdemon-
stratestheviability of stereowith mirrorsasanalternative
to traditionaltwo camerastereo.

2 Geometryand Calibration
Figure1 depictsthegeometryof a catadioptricsystem

with two planarmirrors. A scenepoint
�

is imagedasif
seenfrom two differentviewpoints � and ��� . Thelocation
of thetwo virtual pinholesis foundby reflectingthecam-
erapinhole � abouteachmirror. Reflectingtheopticalaxis
of thecameraaboutthemirrorsdeterminestheopticalaxes
andthusthe orientationsof the two virtual cameras.The
focal lengthof eachvirtual camerais equalto � , thefocal
lengthof therealcamera.Therefore,thelocationsandori-
entationsof thetwo virtual camerasaredeterminedby the
orientationsanddistancesof the two mirrorswith respect
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Figure1: Stereoimageformationwith asinglecameraand
two planarmirrors. A scenepoint

�
reflectedby mirrors�

and
� � is imagedasif seenfrom two differentview-

points � and � � .
to thepinholeandopticalaxisof thecamera.
2.1 Relative Orientation

In traditionalstereo,the two camerascanbe placedin
any configuration,andthereforetherelativeorientationbe-
tweenthecamerasis describedby 6 parameters(3 for ro-
tation and3 for translation). For catadioptricstereo,the
relative orientationbetweenthe two virtual cameras,re-
gardlessof the configurationof the mirrors, is restricted
to planarmotion (the directionof translationmust lie in
the planenormalto the axis of rotation). This constraint
reducesthenumberof degreesof freedomof relative ori-
entationfrom 6 to 5 (3 for rotationand2 for translationin
a plane).

To derive this resultwe considerthe rigid transforma-
tion � betweenthe two reflectedviewpoints � and � � .
Eachvirtual viewpoint is relatedto the cameracenter �
as, ���������
and � � ���������
where��� and��� arereflectiontransformations.Then,the
relativeorientation� is simply,

����� � ��� ����
Representingthe two mirrors as planeswith normals  �
and  � anddistances! � and ! � measuredfrom thecamera
center� , thereflectiontransformationsfor thetwo mirrors
aregivenby

� � � "$#�%  �  '& � % ! �  �( )
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Figure2: Therelative orientationbetweenthe two virtual
camerasis describedby a purerotationaboutthe axis 0
(calledascrew axis)which is theintersectionof theplanes
containingthetwo mirrors.A purerotationaboutthisaxis
constrainsthe translationbetweenthe virtual camerasto
lie in a planeperpendicularto the screw axis,andis thus
calledplanarmotion. This planarmotionconstraintholds
truefor any locationsandorientationsof thetwo mirrors.

and

� � � "1#2%  �  &� % ! �  �( ) �
Sincetheinverseof areflectiontransformationis itself, the
relativeorientationof thetwo virtual camerasis simply,

�3�4�5���2�6� 7 8( )
where

7 � ":92;�<  =�?>@ A�CBD $�� &� #�%  $�� & � #2%  A�� &� �
and 8 � % ! �  � #E<F% ! � <  � >G � B 92% ! � BD � � (1)

Note that
<  ��H  � BI� 72<  �IH  � B and therefore,the

rotationmatrix
7

hasa rotationalaxisof  =� H  J� . From
(1) thedirectionof translationlies in theplanedefinedby � and  � . Therefore,therotationalaxis is normalto the
planecontainingthedirectionof translation.This typeof
motionis termedplanarmotion.

Figure2 showshow therelativeorientationbetweenthe
two virtual camerasis constrainedby planarmotion. This
constraintarisesfrom the fact that thevirtual camerasare
relatedby a purerotationabouttheaxis 0 (calleda screw
axis)which is theintersectionof theplanescontainingthe
two mirrors.A purerotationabout0 constrainsthemotion
betweenthe virtual camerasto lie in a planeperpendicu-
lar to 0 . We will bereferringto theplanewhich contains



the cameracenters(both real andvirtual) asthe planeof
motion. This planeis orthogonalto thescrew axisandits
intersectionwith theimageplaneis termedthehorizonline
of theplaneof motion.

As we have seen,single camerastereowith two pla-
nar mirrors constrainsthe externalcalibrationparameters
to planarmotion,reducingthenumberof extrinsic param-
etersfrom 6 for two camerastereoto 5 for catadioptric
stereo.Becauseonly a singlecamerais used,the intrinsic
parameters(focal length,pixel size, imagecenter, skew)
are exactly the samefor the two stereoviews, reducing
thenumberof intrinsicparametersfrom 10 to 5. Together,
theseconstraintsplacerestrictionson theepipolargeome-
try.

2.2 Epipolar Geometry
Epipolargeometryis a descriptionof thegeometricre-

lationshipbetweenapairof stereoimages.It is represented
by the fundamentalmatrix K andis theminimal informa-
tion necessaryto determinethe epipolarlines [3]. For a
pair of imagecorrespondencesL and LJ� , K introducesthe
following well-known epipolarconstraint:

L � & KMLN�PO � (2)

K is alsoknown astheuncalibratedversionof theessential
matrix Q describedby Longuet-Higgins[13], because

KR��S � � & QTS � � � (3)

whereS � and S arematricesrepresentingtheinternalcal-
ibration parametersof the stereocameras.Both K and Q
arerank2 matrices.For anarbitrarystereopair therank2
constraintis theonly constraintonthefundamentalmatrix.

When the intrinsic parametersare identical for both
views andtherelative orientationis limited to planarmo-
tion, anadditionalconstraintis imposedon thefundamen-
tal matrix. Froma resultdueto Maybank[16], it is known
that the symmetricpart of the essentialmatrix, Q 9 Q & ,
is rank2 for planarmotion.Whentheintrinsicparameters
remainconstant( SI�U�VS ), it is simpleto show that the
symmetricpart of the fundamentalmatrix is alsorank 2,
providing thefollowing additionalconstrainton thefunda-
mentalmatrix, WYX[Z < K 9 K & B\�]O � (4)

This constraintreducesthe numberof free parametersin
the fundamentalmatrix from 7 to 6 andhasbeenusedby
[2] and[29] to helpconstraintheself-calibrationproblem.

When estimatingthe fundamentalmatrix from image
correspondencesit is usefulto have a parameterizationofK which implicitly enforces(4). We canderivesucha pa-
rameterizationby consideringthe imageprojectionof the
screw axis.
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Figure 3: The epipolargeometrydue to planarmotion.
When motion is constrainedto lie in a plane,all corre-
spondingepipolarlinesmustintersectat ^ theimagepro-
jectionof thescrew axis.Therefore,thetwo epipoles_ and_ � andtheline ^ completelydeterminetheepipolargeom-
etry. Becausetheplaneof motioncontainsthetwo virtual
cameracenters,thehorizonline of theplaneof motion is
theline containingthetwo epipoles.

The screw axis (seefigure 2) remainsfixed with re-
spectto the coordinatesystemsof the two virtual cam-
eras,thereforeits image ^ is identical for both the left
and right stereoviews. This implies that corresponding
epipolarlinesmustintersecton ^ . Theresultingepipolar
geometryis depictedin figure3. As shown in this figure,
theepipolarline of a point L is theline containingepipole_`� andthe intersectionof ^ with the line throughepipole_ andpoint L . If L and LJ� arecorrespondingpointsthen

L � > < _ � H < ^ H < _ H L=B�BaB\� ( � (5)

andfrom (2) thefundamentalmatrixhastheform 1

Kb�3c _ �edgf ch^ dif c _ dgf � (6)

With thehelpof asymbolicalgebrapackage,wehavecon-
firmed that the parameterizationgiven in (6) doesindeed
enforcetheplanarmotionconstraint(4). Otherparameter-
izationsof the fundamentalmatrix for planarmotion are
alsopossible,seefor instance[29].

Using(6) andasetof imagecorrespondences,K canbe
determinedby searchingtheparameterspaceof _ , _`� and^ while minimizing a suitablecost function suchas the
sumof distancesof correspondingpointsfrom theirepipo-
lar lines. This processrequiresnon-linearminimization
andthusinitial estimatesof _ , _`� and ^ areneeded.

Initial estimatesof _ , _j� and̂ canbeextractedfrom an
estimateof K obtainedby thelinear8-pointalgorithm[7]._ and _`� canbeextractedfrom theleft andright null space
of K . Using the following equations,̂ canbe obtained
fromtheeigenvectorsof thesymmetricpartof fundamental

1 kmlonqp is the matrix form of the crossproductoperatorsuchthat for
any vectorsr and s , tur5vTsCwyx k r nip s .



αz

αz

screw axis{

real camera

virtual camera 1|

virtual camera 2|

image plane

mirror 1

mirror2}

αz αz
e´~ e~
m´}

c�

v|

v´|

s{

Figure 4: In the planeof motion the two virtual camera
centerswill be thesamedistancefrom thescrew axis. As
a result,theanglesformedby thevirtual cameracenters�
and �\� andthescrew axis � areequivalent.Thisconstraint
canbeusedto recover thefocal lengthprovidedthat ^�� is
not theimagecenter.

matrix K:�=�4K 9 K:& [1]. Letting �\� , ��� and  6� ,  6� bethe
positive andnegative eigenvaluesandeigenvectorsof K:� ,
wehaveeither

^�� � �  � 9 # � �  � (7)

or ^�� �A�� �� # # ���� �� � (8)

Theambiguitycanberesolvedby notingthatoneof these
expressionsis equivalentto _ H _`� and ^ is theotherone.

As we haveshown, catadioptricstereowith planarmir-
rorsintroducesanadditionalconstraintonthefundamental
matrixwhichreducesthenumberof parametersto estimate
from 7 to 6. Next, we will discussrecovering the focal
lengthfrom a singlecatadioptricstereoimage.
2.3 Recovering the FocalLength

With knowledgeof the fundamentalmatrix, the scene
geometrycanbe reconstructedup to an unknown projec-
tive transform[3]. To obtain a Euclideanreconstruction
from a stereopair, it is necessaryto determinethe inter-
nal cameraparameters.With videocameras,it is oftenthe
casethattheaspectratiois known,theskew is zero,andthe
imagecenteris roughlythecenterof theimage;therefore,
Euclideanreconstructionamountsto determiningthe fo-
cal lengthsof thecameras.ThroughtheKruppaequations
[30], the fundamentalmatrix placestwo quadraticcon-
straintson theinternalcalibrationparameters.As demon-
stratedby Hartley [6], thesetwo constraintsaresufficient
to solve for the focal lengthswhenthe other internalpa-
rametersareknown.

For catadioptricstereo,we have only oneunknown fo-
cal length � andwecansolvefor � from theKruppaequa-
tions K��:K & ���Ich_ � d�f �2c _ � dgf � (9)

where

��� � � O OO � � OO O )
and � is anunknown scalefactor( K and _`� areprojective
quantitiesandthusonly known up to a scalefactor).

Though � canbedeterminedin this manner, we would
like to explore additionalconstraintson the focal length
which arisefrom theplanarmotion. It turnsout thereare
two suchconstraints.The first resultsfrom the fact that
the planeof motion is perpendicularto the planewhich
containsthe screw axis andthe cameracenter. Theplane
of motionprojectsto thehorizonline

< _ H _j��B andtheplane
containingthescrew axisandthecameracenterprojectsto^ (the imageof the screw axis). The 3D anglebetween
the visual planesof two imagelines � and � is given by
[27], �G�`�J� �

< � & �:�6B< � & �:�?B < � & �:�6B � (10)

Fromthis,we candefinethefollowing constraintbetween� andthelines �y� < _ H _`��B and ^ ,

O��
< � & �:^�B< � & �:�oB < ^ & �:^�B � (11)

A secondconstraintcan be derived from the image
points _ , _`� , andthepoint ^������ H ^ , which is theinter-
sectionof the imageof thescrew axis ^ andthehorizon
line � . From figure 4, we can seethat the angleformed
betweenthe imageraysthrough _ and ^�� is equalto the
angleformedby _j� and ^�� . Usingarelationshipsimilar to
(10)but for imagerays[27], wecanexpressthisas

< _ & � � � ^��gB< _ & � � � _�B < ^ � & � � � ^ � B
�

< _j� & � � � ^���B< _ � & � � � _ � B < ^ � & � � � ^ � B
(12)

Whenusingtheseequationsto recover thefocal length,
caremustbe taken to avoid degenerateconfigurations.In
particular, when ^ passesthroughthe imagecenter, (12)
will not leadto asolutionfor � . Wecanensurê doesnot
passthroughtheimagecenterby displacingthemirrorsas
in figure 4. Equation(11) cannot be usedwhen ^ and� are perpendicular. Avoiding this configurationis more
difficult, it requiresdisplacingthe mirrors and tilting the
cameraupwardor downwardwith respectto themirrors.
2.4 Experiments: Recovering the FocalLength

To testtheaccuracy of recoveringthefocal lengthfrom
a singlecatadioptricimage,we performeda seriesof ex-
perimentscomparingthe focal length obtainedfrom the



Figure5: Therecoveredepipolargeometryof acatdioptric
image. The vertical thick line is ^ the estimatedimage
of the screw axis, wherethe correspondingepipolarlines
meet. The horizontalthick line is the line connectingthe
two epipoles,thehorizonline of theplanarmotion.

angleconstraint(12) to thefocal lengthobtainedfrom Tsai
calibration[28].

Wetookaseriesof 10catadioptricimagesusingaSony
XC-75 camerawith a Computar4mmpinholelens(no ra-
dial distortionsarepresent). For eachimagethe mirrors
wereplacedin a configurationsimilar to figure4 in order
to avoid m passingthroughtheimagecenter. Throughout
thesequencewe variedtheanglebetweenthemirrorsand
usedseveraldifferentscenes.

For eachcatadioptricimagewe found an initial esti-
mate �K of thefundamentalmatrix anda setof correspon-
dencesusingtherobustmethodof [31] andpublicly avail-
ableatwww.inria.fr/r obotvis/personnel/zzhang/zzhang-
end.html. We thenenforcedtheplanarmotionconstraint
(4) by performingnon-linearoptimizationusing the pa-
rameterizationdefinedin (6). Theerrorcriteriaminimized
wasthesumof squareddistancesto epipolarlinesandthe
Levenberg-Marquardt algorithm[22] wasusedto perform
the minimization. After minimizationequation(12) and
the estimatesof _ , _`� and ^ wereusedto obtainan esti-
mateof thefocal length.

Figure5 showsatypicalsceneandtherecoveredepipo-
lar geometryandthe following tableshows the estimated
focal lengths(in pixels)for eachimageascomparedto the
focal lengthobtainedfrom Tsaicalibration.

catadioptricimages Tsai
440 437 439 440 437 407
433 439 420 428 423

The discrepancy of the focal lengthsfor the catadioptric
imagesascomparedto Tsai is possiblydueto severalfac-
tors: inaccuratelocalizationof theepipoles,biasfrom as-
sumingthelocationof thecenterof projectionis theimage

Figure6: Catadioptricstereosensors.(top) A singleSony
XC-77 b/w cameraanda 12.5mmComputarlensis used
with two high quality front silveredMelles Griot �`� � mir-
rors. The distancebetweenthe cameraand mirrors can
be altered,which changesthe baselineof the stereosys-
tem. The anglebetweenthe mirrors canalsobe adjusted
to controlvergenceandrotationbetweenthestereoviews.
(bottom)Thiscompactunit usesa singleSony XC-75b/w
cameraanda 4mmComputarpinholelenswith

% � � Melles
Griot mirrors.

center, and/orinaccuraciesin Tsaicalibration.

3 Real-Time Implementation
Real-timestereosystemshave beenimplementedby

several researchers[4] [15] [11] [12]. All of thesesys-
temsusetwo or morecamerasto acquirestereodata.Here,
we describea real-timecatadioptricstereosystemwhich
usesasinglecameraandonly aPCto computedepth-maps
in real-time. Figure6 shows a pictureof two catadioptric
stereosensorswehavedesigned.
3.1 Calibration and Rectification

To achievereal-timeperformanceit is necessaryto have
scanlinecorrespondencebetweenthestereopair. This al-
lows stereomatchingalgorithmsto be implementedeffi-
ciently asdescribedby Faugeraset al. [4]. Becausecata-
dioptric stereorequiresrotatedmirrors (if only two mir-
rorsareused)andhencerotatedviews,wemustrectify the
stereopair at run-time.To computetherectificationtrans-
form wefirst needto estimatethefundamentalmatrix.



(a) (b) (c)

Figure7: Comparisonof threecommonlyusedmeasures
of similarity on an imagetaken by a catadioptricstereo
sensor. (a) Depth map computedusing sum of absolute
differences. (b) Depth map computedusing normalized
cross-correlation.(c) Depthmapcomputedusingsumof
absolutedifferencesafteraLaplacianof Gaussianoperator
wasapplied. For all threemeasuresa � H � window was
usedandnothresholdswereapplied.

An estimateof the fundamentalmatrix is found us-
ing the methoddescribedin the previous sections.After
computingthefundamentalmatrix, we find a rectification
transformusingthemethodof Hartley andGupta[8]. Once
computed,this transformis usedto warp eachincoming
imageat run-time. The brightnessvalueof eachpixel in
thewarpedimageis determinedby backprojectingto the
input imagethroughthe rectificationtransformandbilin-
earlyinterpolatingamongadjacentpixels.

3.2 StereoMatching
Theunderlyingassumptionof all stereomatchingalgo-

rithms is that the two imageprojectionsof a scenepatch
are similar. The degreeof similarity is computedusing
a variety of measuressuchas brightness,texture, color,
edgeorientation,etc. To minimize computations,most
real-timesystemsuseameasureof similarity basedon im-
agebrightness.However, differencesin focalsettings,lens
blur andgain control betweenthe two camerasresultsin
the two patcheshaving differentintensities.For this rea-
sonmany methods,suchasnormalizedcross-correlation,
Laplacianof Gaussian,andnormalizedsumof squareddif-
ferences,have beenemployed to compensatefor camera
differences[4] [15] [11] [12]. By usinga singlecamera,
catadioptricstereoavoidsboththecomputationalcostand
lossof informationwhich resultsfrom usingthesemeth-
ods. As figure7 shows, normalizedcross-correlationand
theLaplacianof Gaussiancandegradetheperformanceof
stereomatchingdueto lossof informationandfinite arith-
metic.By removing differencesin offsetandgain,normal-
ized cross-correlationandthe Laplacianof Gaussianalso
removeshadinginformationwhich is usefulfor matching.

Oneof thesimplestmeasuresof similarity betweentwo
imagepatchesis the sumof absolutedifferences(SAD).
Becausewe useonly a singlecamera,SAD is a suitable

choice.SAD keepsthedatasizesmallandis easilyimple-
mentedonSIMD (singleinstructionmultipledata)proces-
sorssuchas thosewith MMX technology. Furthermore,
SAD lendsitself to efficientscanlinecorrespondencealgo-
rithms.

In our implementation,stereomatchesarefoundby us-
ing a standardwindow basedsearch.Thesearchis limited
to an interval of 32 pixels along the epipolarline (scan-
line) of a � % O H %`; O image. By usingthe SAD measure,
scanlinecorrespondence,andSIMD instructionswe were
ableto achieve a throughputof approximately20 frames
per secondon a 300MhzPentiumII machine.An exam-
plecatadioptricstereoimageandcomputeddepthmapare
shown in figure8.

4 Conclusion
Wehaveexaminedthegeometryof stereowith two pla-

nar mirrors in an arbitrary configurationand shown that
boththerelative orientationandtheepipolargeometryare
constrainedby planarmotion. In addition,wehave shown
how the focal lengthcanbe extractedfrom a singlecata-
dioptric image. We have also implementeda real-time
stereosystemwhich demonstratesthat high quality depth
mapscanbeobtainedwhena singlecamerais used.

In this paper, we have investigatedthegeometricprop-
ertiesof catadioptricstereo.In thefuturewe intendto ex-
aminetheradiometricproperties.Althoughsinglecamera
stereoeliminatesinter-cameradifferences,intra-camera
differencesstill remain. We intendto researchpixel dif-
ferencesacrossthe CCD andthe �[���a� <�� B decayin image
irradiance. Both of thesemay result in different intensi-
tiesat correspondingimagepoints.However, throughcal-
ibration theseeffectscanbe measuredandremoved, thus
furtherimproving thequalityof thestereomatching.

In conclusion,we feel that the sensorusedto acquire
the stereodatais just as importantas the algorithmused
for matching. In this respect,catadioptricstereooffers a
significantbenefitby improving the quality of the stereo
dataatnoadditionalcomputationalcost.
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