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Abstract

By using mirror reflectionsof a scene stereo images
canbecapturedwith a singlecamen (catadioptricsteeo).
Singlecamen steeo providesboth geometricand radio-
metric advantayesover traditional two camea steeo. In
thispaperwediscusgshegeometryandcalibrationof cata-
dioptric stereowith two planar mirrors and showhowthe
relativeorientation,theepipolargeometryandthe estima-
tion of thefocal lengthare constainedby planar motion.
In addition,wehaveimplementea real-timesystenwhich
demonstatesthe viability of steleo with mirrors asan al-
ternativeto traditional two camen steleo.

1 Intr oduction

Optical systemgonsistingof a combinationof refract-
ing (lens)andreflecting(mirror) elementsarecalledcata-
dioptric systemd9]. Stereois one areaof computervi-
sionwhich canbenefitfrom suchsystemsBy usingtwo or
moremirroredsurfacesastereoview canbecapturedy a
singlecamergcatadioptricstereo).This hasthefollowing
adwantage®vertraditionaltwo camerastereo.

e |dentical SystemParameters: Lens,CCD anddigi-
tizer parametersuchasblurring, lensdistortions fo-
cal length, spectralresponsegain, offset, pixel size,
etc. areidenticalfor the steregpair. Having identical
systemparameter$acilitatesstereamatching.

e Easeof Calibration: Becauseonly a singlecamera
and digitizer are used,thereis only one set of in-
trinsic calibrationparameters.Furthermorewe will
shaw thattheextrinsic calibrationparameterarecon-
strainedby planarmotion. Togethertheseconstraints
reducethe total number of calibration parameters
from 16in traditionalstereao 10in our case.

e Data Acquisition: Camerasynchronizatioris notan
issuebecausennly a single camerais used. Stereo
datacan easily be acquiredand conveniently stored
with a standardvideo recorderwithout the needto
synchronizenultiple cameras.

*This work wassupportedn partby DARPA’s VSAM ImageUnder
standingProgramunderONR contractN00014-97-1-0553.

Previously, seseral researcherbiave demonstratedhe
use of both curved and planarmirrors to acquirestereo
datawith a singlecamera.Curved mirrors have beenpri-
marily usedto captureawide field of view. Systemausing
sphericalandcorvex mirrors have beensuggestedby [19]
and[24]. NeneandNayar[20] enumeratedhe classof
catadioptricstereoconfigurationsvhich presere a single
viewpoint. The epipolargeometryof curved mirrors was
studiedin [25].

As pointedout by severalresearcherf26] [21] [18], it
is possibleto reconstruct sceneby imagingthe scenere-
flectionin arotatingplanamirror. However, thesesystems
requiremorethanoneimageandthereforea staticscene.
Mitsumotoetal. [17] previouslydescribedistereanethod
whichimagesanobjectandits reflectiondn a setof planar
mirrors. Here,the mirrors were usedto obtainocclusion
freeimagesof theobject.Recently Shashuaguggestedis-
ing catadioptricsteredfor non-rigidstereaplatforms[23].

A few researchersave demonstratetheuseof asingle
cameraandtwo or more planarmirrors to acquirestereo
datain asingleimage[5] [14] [10]. However, thegeometry
andcalibrationof thesesystemdhasyetto be explored. In
this paperwe will discussseveral calibrationissuesn re-
gardto singlecamerastereawith planarmirrors,including
relative orientation,epipolargeometry and determination
of thefocallength. Theseresultswill provide atheoretical
foundationfor catadioptricstereo.In addition,we will de-
scribeareal-timecatadioptricsterecsystemwhichdemon-
strategheviability of stereowith mirrorsasanalternatve
to traditionaltwo camerastereo.

2 Geometryand Calibration

Figure 1 depictsthe geometryof a catadioptricsystem
with two planarmirrors. A scenepoint P is imagedasif
seernfrom two differentviewpointsv andv’. Thelocation
of thetwo virtual pinholesis found by reflectingthe cam-
erapinholec abouteachmirror. Reflectingthe opticalaxis
of thecameraaboutthemirrorsdeterminesheopticalaxes
andthusthe orientationsof the two virtual cameras.The
focallengthof eachvirtual cameras equalto f, thefocal
lengthof therealcameraThereforethelocationsandori-
entationsof thetwo virtual camerasaredeterminedy the
orientationsanddistance®f the two mirrorswith respect



Figurel: Stereamageformationwith asinglecameraand
two planarmirrors. A scenepoint P reflectedby mirrors
M and M’ is imagedasif seenfrom two differentview-
pointsv andv’.

to the pinholeandopticalaxis of the camera.
2.1 Relative Orientation

In traditional stereo the two camerasanbe placedin
ary configurationandthereforetherelative orientationbe-
tweenthe camerass describedby 6 parameterg3 for ro-
tation and 3 for translation). For catadioptricstereo,the
relative orientationbetweenthe two virtual camerasye-
gardlessof the configurationof the mirrors, is restricted
to planarmotion (the direction of translationmustlie in
the planenormalto the axis of rotation). This constraint
reduceghe numberof degreesof freedomof relative ori-
entationfrom 6 to 5 (3 for rotationand?2 for translationin
aplane).

To derive this resultwe considerthe rigid transforma-
tion D betweenthe two reflectedviewpoints v and v'.
Eachvirtual viewpoint is relatedto the cameracenterc
as,

VvV = D1C

and

VI = DQC,
whereD; andD5, arereflectiontransformationsThen,the
relative orientationD is simply,

D =D,D; "

Representinghe two mirrors as planeswith normalsn;
andn, anddistancesl; andd, measuredrom thecamera
centerc, thereflectiontransformationgor thetwo mirrors
aregivenby
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Figure2: Therelative orientationbetweerthe two virtual
camerags describedoy a pure rotation aboutthe axis S
(calledascrav axis)whichis theintersectiorof the planes
containingthetwo mirrors. A purerotationaboutthis axis
constrainghe translationbetweenthe virtual camerago
lie in a planeperpendiculato the scrav axis, andis thus
calledplanarmotion. This planarmotion constraintholds
truefor ary locationsandorientationsf thetwo mirrors.
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Sincetheinverseof areflectiontransformations itself, the
relative orientationof thetwo virtual camerags simply,

R t
D—Dng—[O 1}

where
R=T1+4(n;- ng)nlnzT —2n;nT — 2nyn?,

and
t = 2d11’11 — (2d1 (1’11 . 1’12) + 2d2)n2. (1)

Note that (n; x nz) = R(n; x ny) andtherefore,the
rotationmatrix R hasa rotationalaxisof n; x ns. From
(1) the directionof translationlies in the planedefinedby
n; andn,. Therefore the rotationalaxisis normalto the
planecontainingthe directionof translation. This type of
motionis termedplanar motion

Figure2 showvs how therelative orientationbetweerthe
two virtual camerass constrainedy planarmotion. This
constraintarisesfrom the factthatthe virtual camerasare
relatedby a purerotationaboutthe axis S (calleda screw
axis)whichis theintersectiorof the planescontainingthe
two mirrors. A purerotationaboutS constrainghemotion
betweerthe virtual camerado lie in a planeperpendicu-
larto S. We will bereferringto the planewhich contains



the cameracenters(both real and virtual) asthe plane of
motion This planeis orthogonalto the scrav axis andits
intersectiorwith theimageplaneis termedthe horizonline
of the planeof motion.

As we have seen,single camerastereowith two pla-
nar mirrors constrainghe external calibrationparameters
to planarmotion, reducingthe numberof extrinsic param-
etersfrom 6 for two camerastereoto 5 for catadioptric
stereo.Becausenly a singlecamerais used theintrinsic
parametergfocal length, pixel size,imagecenter skew)
are exactly the samefor the two stereoviews, reducing
thenumberof intrinsic parameterfrom 10to 5. Together
theseconstraintplacerestrictionson the epipolargeome-
try.

2.2 Epipolar Geometry

Epipolargeometryis a descriptionof the geometricre-
lationshipbetweerapairof steredmages.t is represented
by the fundamentamatrix F andis the minimal informa-
tion necessaryo determinethe epipolarlines [3]. For a
pair of imagecorrespondencgs andp’, F introduceghe
following well-known epipolarconstraint:

p Fp=0. 2

F is alsoknown astheuncalibrated/ersionof theessential
matrix E describedy Longuet-Higgind13], because

F=A "EA™! ©)

whereA’ andA arematricesepresentingheinternalcal-
ibration parametersf the stereocameras.Both F andE
arerank2 matrices.For anarbitrarysteregpair therank 2
constrainis theonly constrainbnthefundamentaimatrix.

When the intrinsic parametersare identical for both
views andthe relative orientationis limited to planarmo-
tion, anadditionalconstrainis imposedon thefundamen-
tal matrix. Fromaresultdueto Maybank[16], it is known
that the symmetricpart of the essentiamatrix, E + E7,
is rank 2 for planarmotion. Whentheintrinsic parameters
remainconstant(A’ = A), it is simpleto shav thatthe
symmetricpart of the fundamentamatrix is alsorank 2,
providing thefollowing additionalconstrainbn thefunda-
mentalmatrix,

det(F +FT) =0. 4)

This constraintreduceshe numberof free parametersn
the fundamentamatrix from 7 to 6 andhasbeenusedby
[2] and[29] to helpconstrairthe self-calibrationproblem.

When estimatingthe fundamentaimatrix from image
correspondencdsis usefulto have a parameterizatioof
F whichimplicitly enforceg4). We canderive sucha pa-
rameterizatiorby consideringhe imageprojectionof the
screv axis.

Figure 3: The epipolargeometrydue to planarmotion.
When motion is constrainedo lie in a plane,all corre-
spondingepipolarlinesmustinterseciat m theimagepro-
jectionof thescrav axis. Thereforethetwo epipolese and
¢’ andtheline m completelydetermineheepipolargeom-
etry. Becausehe planeof motion containghe two virtual
cameracentersthe horizonline of the planeof motionis
theline containingthetwo epipoles.

The scrav axis (seefigure 2) remainsfixed with re-
spectto the coordinatesystemsof the two virtual cam-
eras,thereforeits imagem is identical for both the left
andright stereoviews. This implies that corresponding
epipolarlines mustintersecton m. Theresultingepipolar
geometryis depictedin figure 3. As shown in this figure,
theepipolarline of a pointp is theline containingepipole
¢’ andtheintersectiorof m with theline throughepipole
e andpointp. If p andp’ arecorrespondingointsthen

p (¢ X (m x (e xp))) =0, (5)
andfrom (2) thefundamentamatrix hastheform *
F =[], [m],[e],. ()

With thehelpof asymbolicalgebrapackagewe have con-
firmed that the parameterizatiogivenin (6) doesindeed
enforcethe planarmotionconstraini(4). Otherparameter
izationsof the fundamentamatrix for planarmotion are
alsopossible seefor instanced 29].

Using(6) anda setof imagecorrespondence¥, canbe
determinedby searchinghe parametespaceof e, ¢’ and
m while minimizing a suitablecostfunction suchasthe
sumof distance®f correspondingointsfrom their epipo-
lar lines. This processrequiresnon-linearminimization
andthusinitial estimate®f e, ¢’ andm areneeded.

Initial estimate®f e, ¢ andm canbeextractedrom an
estimateof F obtainedby thelinear8-pointalgorithm[7].
e ande’ canbe extractedfrom theleft andright null space
of F. Usingthe following equations;m canbe obtained
fromtheeigernvectorsof thesymmetrigpartof fundamental

1.1, is the matrix form of the crossproductoperatorsuchthat for
ary vectorsp andq, (p X q) = [p] q.
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Figure4: In the planeof motion the two virtual camera
centerswill bethe samedistancefrom the screv axis. As
aresult,theanglesformedby thevirtual cameracentersv
andv’ andthe scrav axiss areequialent. This constraint
canbeusedto recoverthefocal lengthprovidedthatm’ is
nottheimagecenter

matrixF, = F+F7 [1]. Letting A1, \» andny, ny bethe
positive and negative eigervaluesandeigervectorsof F;,
we have either

m = +/Ain; ++/—Xonz (7
or
m = 4/ )\11’11 — 7)\21’12. (8)

Theambiguitycanberesohedby notingthatoneof these
expressionss equialentto e x ¢’ andm is theotherone.

As we have shawvn, catadioptricstereowith planarmir-
rorsintroducesanadditionalconstrainbnthefundamental
matrixwhichreduceshenumberof parameterto estimate
from 7 to 6. Next, we will discussrecovering the focal
lengthfrom a singlecatadioptricsteredmage.
2.3 Recorering the Focal Length

With knowledgeof the fundamentamatrix, the scene
geometrycanbe reconstructedip to an unknavn projec-
tive transform[3]. To obtaina Euclideanreconstruction
from a stereopair, it is necessaryo determinethe inter-
nal camergparameterswith videocamerasit is oftenthe
casdhattheaspectatiois known, theskew is zero,andthe
imagecenteris roughlythe centerof theimage;therefore,
Euclideanreconstructioramountsto determiningthe fo-
cal lengthsof the camerasThroughthe Kruppaequations
[30], the fundamentalmatrix placestwo quadraticcon-
straintson theinternalcalibrationparametersAs demon-
stratedby Hartley [6], thesetwo constraintsare sufficient
to solwve for the focal lengthswhenthe otherinternal pa-
rametersareknown.

For catadioptricstereowe have only oneunknawn fo-
callength f andwe cansolvefor f from theKruppaequa-
tions

FwFT =z[e] wle],, 9)
where
2 0 0
w= 0 f2 0
0 0 1

andz is anunknawn scalefactor(F ande’ areprojective
guantitiesandthusonly known up to a scalefactor).

Thoughf canbedeterminedn this mannerwe would
like to explore additionalconstraintson the focal length
which arisefrom the planarmotion. It turnsout thereare
two suchconstraints. The first resultsfrom the fact that
the plane of motion is perpendiculato the planewhich
containsthe scrav axis andthe cameracenter The plane
of motionprojectsto thehorizonline (e x €’) andtheplane
containingthe scrav axisandthe cameracenterprojectsto
m (the imageof the scrav axis). The 3D anglebetween
the visual planesof two imagelinesx andy is given by
[27], -

cosf = (x wy) . (20)
(x"wx)(y"wy)

Fromthis, we candefinethe following constraintbetween
f andthelines]l = (e x €’) andm,

(1¥wm)
0= ol (mTom) D

A secondconstraintcan be derived from the image
pointse, e/, andthe pointm’ = 1 x m, whichis theinter-
sectionof the imageof the scrav axis m andthe horizon
line 1. From figure 4, we can seethat the angleformed
betweerthe imageraysthroughe andm’ is equalto the
angleformedby e’ andm’. Usingarelationshipsimilarto
(10) but for imagerays[27], we canexpresghis as

(eTw™tm')

\/(ewale)(m’Tw—lm’)

(e/Tw—lm/)

\/(e’wale’)(m’Tw—lm’)
(12)
Whenusingtheseequationgo recoverthefocal length,
caremustbe takento avoid degenerateconfigurations.In
particular whenm passeghroughthe imagecenter (12)
will notleadto asolutionfor f. We canensuram doesnot
passthroughtheimagecenterby displacingthe mirrorsas
in figure 4. Equation(11) cannot be usedwhenm and
1 are perpendicular Avoiding this configurationis more
difficult, it requiresdisplacingthe mirrors andtilting the
cameraupward or downwardwith respecto themirrors.
2.4 Experiments: Recovering the FocalLength
To testtheaccurag of recoveringthefocal lengthfrom
a single catadioptricimage,we performeda seriesof ex-
perimentscomparingthe focal length obtainedfrom the
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Figure5: Therecoreredepipolargeometryof a catdioptric
image. The vertical thick line is m the estimatedmage
of the scrav axis, wherethe correspondingpipolarlines
meet. The horizontalthick line is the line connectingthe
two epipolesthehorizonline of the planarmotion.

angleconstraini(12)to thefocal lengthobtainedrom Tsai
calibration[28].

We took a seriesof 10 catadioptriamagesusinga Sory
XC-75 camerawith a Computadmm pinholelens(nora-
dial distortionsare present). For eachimagethe mirrors
wereplacedin a configurationsimilar to figure 4 in order
to avoid m passinghroughtheimagecenter Throughout
the sequenceve variedthe anglebetweerthe mirrorsand
usedseveraldifferentscenes.

For eachcatadioptricimage we found an initial esti-
mateF of the fundamentamatrix anda setof correspon-
dencesusingthe robustmethodof [31] andpublicly avail-
ableatwww.inria.fr/r obotvis/personnel/zzhang/zzhang-
end.html. We thenenforcedthe planarmotion constraint
(4) by performing non-linearoptimization using the pa-
rameterizatiorefinedin (6). Theerrorcriteriaminimized
wasthe sumof squaredlistancedo epipolarlinesandthe
Levenbeg-Marquard algorithm[22] wasusedto perform
the minimization. After minimization equation(12) and
the estimatef e, ¢’ andm wereusedto obtainan esti-
mateof thefocal length.

Figure5 shavs atypical sceneandtherecoveredepipo-
lar geometryandthe following table shavs the estimated
focallengths(in pixels)for eachimageascomparedo the
focallengthobtainedirom Tsaicalibration.

catadioptridmages Tsai
440 | 437 | 439 | 440 | 437 || 407
433 | 439 | 420| 428 423

The discrepang of the focal lengthsfor the catadioptric
imagesascomparedo Tsaiis possiblydueto severalfac-
tors: inaccuratdocalizationof the epipoles biasfrom as-
sumingthelocationof the centerof projectionis theimage

Figure6: Catadioptricstereosensors(top) A singleSory

XC-77 b/w cameraanda 12.5mmComputarensis used
with two high quality front silveredMelles Griot 5” mir-

rors. The distancebetweenthe cameraand mirrors can
be altered,which changeghe baselineof the stereosys-
tem. The anglebetweenthe mirrors canalsobe adjusted
to controlvergenceandrotationbetweerthe stereoviews.

(bottom) This compactunit usesa singleSory XC-75 b/w

cameraanda 4mm Computampinholelenswith 2 Melles
Griot mirrors.

centerand/orinaccuraciesn Tsaicalibration.

3 Real-Time Implementation

Real-time stereosystemshave beenimplementedby
several researcher$d] [15] [11] [12]. All of thesesys-
temsusetwo or morecameraso acquirestereadata.Here,
we describea real-time catadioptricstereosystemwhich
usesasinglecameraandonly aPCto computedepth-maps
in real-time. Figure 6 shows a picture of two catadioptric
sterecsensorsve have designed.
3.1 Calibration and Rectification

To achievereal-timeperformancét is necessaryo have
scanlinecorrespondencketweernthe stereopair. This al-
lows stereomatchingalgorithmsto be implementedeffi-
ciently asdescribecby Faugerastal. [4]. Becauseata-
dioptric stereorequiresrotatedmirrors (if only two mir-
rorsareused)andhencerotatedviews, we mustrectify the
steregpair at run-time. To computetherectificationtrans-
form wefirst needto estimatehe fundamentamatrix.



(b) (c)

Figure7: Comparisorof threecommonlyusedmeasures
of similarity on an imagetaken by a catadioptricstereo
sensor (a) Depth map computedusing sum of absolute
differences. (b) Depth map computedusing normalized
cross-correlation(c) Depthmap computedusing sum of
absolutdifferencesftera Laplacianof Gaussiamperator
wasapplied. For all threemeasures 5 x 5 window was
usedandnothresholdsvereapplied.

An estimateof the fundamentalmatrix is found us-
ing the methoddescribedn the previous sections. After
computingthe fundamentamatrix, we find a rectification
transformusingthemethodof Hartley andGupta[8]. Once
computed this transformis usedto warp eachincoming
imageat run-time. The brightnessvalue of eachpixel in
thewarpedimageis determinediy backprojectingto the
input imagethroughthe rectificationtransformandbilin-
earlyinterpolatingamongadjacenpixels.

3.2 StereoMatching

Theunderlyingassumptiorof all stereamatchingalgo-
rithmsis thatthe two imageprojectionsof a scenepatch
are similar.  The degreeof similarity is computedusing
a variety of measuresuch as brightness texture, color,
edgeorientation,etc. To minimize computations,most
real-timesystemsisea measuref similarity basedonim-
agebrightnessHowever, differencesn focal settingsjens
blur and gain control betweenthe two cameragesultsin
the two patcheshaving differentintensities. For this rea-
sonmary methodssuchasnormalizedcross-correlation,
Laplacianof Gaussianandnormalizedsumof squareadif-
ferenceshave beenemploy/ed to compensatéor camera
differenced4] [15] [11] [12]. By usinga singlecamera,
catadioptricsterecavoids boththe computationatostand
lossof informationwhich resultsfrom usingthesemeth-
ods. As figure 7 showvs, normalizedcross-correlatiomnd
the Laplacianof Gaussiartandegradethe performancef
stereamatchingdueto lossof informationandfinite arith-
metic. By removing differencesn offsetandgain,normal-
ized cross-correlatiomndthe Laplacianof Gaussiaralso
remove shadingnformationwhich is usefulfor matching.

Oneof thesimplestmeasuresf similarity betweertwo
image patcheds the sum of absolutedifferenceqSAD).
Becausene useonly a singlecamera,SAD is a suitable

choice.SAD keepshedatasizesmallandis easilyimple-
mentedon SIMD (singleinstructionmultiple data)proces-
sorssuchasthosewith MMX technology Furthermore,
SAD lendsitself to efficientscanlinecorrespondencalgo-
rithms.

In ourimplementationstereomatchesarefoundby us-
ing a standardvindow basedsearch.The searchis limited
to aninterval of 32 pixels alongthe epipolarline (scan-
line) of a 20 x 240 image. By usingthe SAD measure,
scanlinecorrespondencend SIMD instructionswe were
ableto achieve a throughputof approximately20 frames
per secondon a 300Mhz Pentiumll machine. An exam-
ple catadioptricsteredmageandcomputeddepthmapare
shovnin figure8.

4 Conclusion

We have examinedthe geometryof stereowith two pla-
nar mirrors in an arbitrary configurationand shavn that
boththerelative orientationandthe epipolargeometryare
constrainedy planarmotion. In addition,we have shavn
how the focal lengthcanbe extractedfrom a single cata-
dioptric image. We have also implementeda real-time
stereosystemwhich demonstratethat high quality depth
mapscanbeobtainedvhena singlecameras used.

In this paper we have investigatedhe geometricprop-
ertiesof catadioptricstereo.In the futurewe intendto ex-
aminethe radiometricproperties.Although singlecamera
stereo eliminatesinter-cameradifferences,intra-camera
differencesstill remain. We intendto researctpixel dif-
ferencesacrossthe CCD andthe cos ( ) decayin image
irradiance. Both of thesemay resultin differentintensi-
tiesat correspondingmagepoints. However, throughcal-
ibration theseeffectscanbe measurec&andremoved, thus
furtherimproving the quality of the stereomatching.

In conclusion,we feel that the sensorusedto acquire
the stereodatais just asimportantasthe algorithmused
for matching. In this respectcatadioptricstereooffers a
significantbenefitby improving the quality of the stereo
dataatno additionalcomputationatost.
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