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Abstract

By using mirror reflectionsof a scene steeo images
can be captued with a singlecamen. Singlecamean
stereo providesboth geometricand radiometricadvan-
tagesover traditional two camea stero. In this paper
we discusgheseadvantagesand showthat the epipolar
geometryis restrictedto the classof planar motions.In

additionwe haveimplemented real-timesystenwhich

demonstatesthe viability of steleo with mirrors as an
alternativeto traditional two camea steeo.

1 Intr oduction

Opticalsystemgonsistingof acombinatiorof refracting
(lens) and reflecting (mirror) elementsare called cata-
dioptric systemgHechtandZajac,1974. By usingtwo
or moremirroredsurfacesmultiple views of a scenecan
becapturedy asinglecamergcatadioptricstereo).Sin-
gle camerastererovidesseveraladvantagesvertradi-
tional two camerastereo.

e |dentical System Parameters: Lens, CCD and
digitizer parametersuchas blurring, lens distor
tions, focal length, spectralresponsesgain, offset,
pixel size,etc. areidenticalfor the stereopair (as-
sumingideal mirrors). Having identicalsystempa-
rametersninimizesthedifferencedetweerthetwo
views, thusfacilitating robuststereomatching.

e Easeof Calibration: Becausenly asinglecamera
anddigitizeris usedthereis only onesetof intrinsic
calibrationparametersis we will shaw, theextrin-
sic calibrationparameterareconstrainedy planar
motion. Togethertheseconstraintgeducethe total
numberof calibrationparameterfrom 16to 10.

e Data Acquisition: Camerasynchronizatioris not
an issue becauseonly a single camerais used.
Stereadatacaneasilybeacquiredandcorveniently
storedwith a standardvideo recorderwithout the
needto synchronizemultiple cameras.
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With theseadvantages mind,we presenthedesignand
implementatiorof a real-timestereosystemwhich uses
only asinglecameraandtwo planarmirrors. In addition,
we analyzethe geometryand calibrationof stereowith
planar mirrors in an arbitrary configurationand shav
thatthe epipolargeometryis restrictecto planarmotion.
Theplanarmotionconstrainimpliesthatthe fundamen-
tal matrix for stereowith planarmirrorsdependsipon6
parameteristeadof 7 for traditionalstereo.

Previously, sereral researcherdrave demonstratedhe
useof both curved and planarmirrorsto acquirestereo
data. For a discussiorof panoramicstereowith curved

mirrors see[Gluckmanet al., 1999 (in theseproceed-
ings). Goshtasbyand Gruver [1993 designeda single
camerastereasystemusinga pair of planarmirrorscon-

nectedby a hinge. Mathieuand Devernay[1993 and
Inabaetal. [1993 usedfour planarmirrorsto createtwo

virtual camerasvith vergencecontrolledby theanglebe-

tweentwo of themirrors. In contrasto thesepursystem
doesnot requirethe mirrors to be in a specificconfig-
uration. In additionwe have implementeda real-time
systemwhich demonstratesobustnessstereomatching
whenonly a singlecamerds used.

Previous real-time stereo systemshave used two or
more cameragdFaugeraset al., 1993 [Matthies,1993
[Kanadeet al., 1996 [Konolige,1997. Becausemore
thanonecamerais used,the imagesmustbe processed
in orderto compensatéor the differencesn camerare-
sponseeitherby applyingthe Laplacianof the Gaussian
or by usingnormalizedcorrelation. Thesesteps,which
canbeignoredin singlecamerastereoarebothcomputa-
tionaly intensve andresultin lossof information.In the
following sectionwe derive the geometryof a catadiop-
tric systemwith a singlecameraandtwo planarmirrors
in anarbitraryconfiguration.

2 Geometryand Calibration

Previously, researcherbave looked at the geometryof
catadioptricsystemsin calibratedsettings, where the
mirrors areplacedin specificconfigurationdGoshtasby



Figure1l: Sterecimageformationwith a singlecamera
andtwo planarmirrors. A scenepoint P reflectedoff
mirrors M and M’ is imagedasif seenfrom two differ-
entviewpointsv andv’.

andGruver, 1993, [Inabaetal., 1993 and[Mathieuand
Devernay 1993. Here,we analyzethe geometryof two
mirrorsandasinglecamerawith themirrorsplacedn an
arbitraryconfiguration.

Figure 1 depictsthe geometryof a catadioptricsystem
with two planarmirrors. A scenegpoint P is imagedasif
seenfrom two differentviewpointsv andv’. Theloca-
tion of thetwo virtual pinholesis foundby reflectingthe
camerginholeabouteachmirror. Reflectingthe optical
axisof the cameraaboutthe mirrorsdetermineshe opti-
cal axesandthustheorientationof thetwo virtual cam-
eras. Thevirtual imageplanesexist at a distancef, the
focal lengthof the cameraalongthe optical axesof the
two virtual camerasTherefore the locationsandorien-
tationsof thetwo virtual camerasredeterminecy the
orientationsanddistance®f thetwo mirrorswith respect
to the pinholeandopticalaxis of the camera.

2.1 Relative Orientation

In traditionalstereowith two camerashereareno quan-
titativerestrictionoontherelative orientatiorbetweerthe
two cameras.However, constraintglo exist for the two
virtual camerasreatedvhentwo planarmirrorsareim-
agedby a single camera. It turns out that the relative
orientationis restrictedo planarmotion(thedirectionof
translatiormustlie in the planenormalto the axis of ro-
tation). This constrainteduceghe numberof degreesof
freedomof relative orientationfrom 6 to 5 (3 for rotation
and2 for translationin aplane).

To derive this resultwe considerthe relative orientation

betweenthe two reflectedviewpoints v andv’. Each
virtual viewpoint is relatedto the cameracenterby the
following equations:

v=D;c 1)

and
V/ = DQC, (2)

whereD; andD, arereflectiontransformations.Then
therelative orientationD becomes,

D =D,D; "% (3)

Representinghe two mirrorsasplaneswith normalsn;
and n, anddistancesd; andd, measuredrom c the
cameracenterthereflectiontransformationgor thetwo
mirrorsaregivenby

_ I- 2n1nﬂf 2d1n1
and
_ I- 21’121’1%1 2d21’12

Becauseéhe inverseof a reflectiontransformations it-
self, therelative orientationof thetwo virtual camerass
simply,

(6)

R t
D:Dngz{O 1]

where

R=1I+4(n; -ny)nn? — 2nn? — 2n,n?, (7)

and
t = 2d1n1 — (2d1(111 . 1'12) + 2d2)n2. (8)

Therotationmatrix R hasa rotationalaxis of n; x ns

andfrom (8) thedirectionof translatiorliesin the plane
definedby n; andn,. Therefore the rotationalaxisis

normalto theplanecontaininghedirectionof translation
(planarmation).

Planarmotion hasbeenstudiedin the context of mobile
robotics|Beardsly andZisserman1995, wheremotion
over a groundplaneis modeledby planarmotion. For
such scenariosVievill and Lingrand [1995 and Arm-
strongetal. [19949 have usedplanarmotionto helpcon-
strainthe self-calibratiorproblem.

As we have seen,single camerastereowith two planar
mirrors constrainghe externalcalibrationparameterso
planarmotion. Becauseonly a single camerais used,
the intrinsic parametergfocal length, pixel size,image
center skew) are exactly the samefor the two stereo
views. Together theseconstraintglacerestrictionson
theepipolargeometry



Figure2: Theepipolargeometryof planamotion. When
motionis constrainedo lie in aplane,all corresponding
epipolarlines mustintersectat m the imageof the axis
of rotation. Thereforethetwo epipolese ande’ andthe
line m completelydeterminghe epipolargeometry

2.2 Epipolar Geometry

One way to describeplanarmotion betweena pair of

camerads by a rotationaboutone of the cameracen-
tersand a translationin a direction normalto the axis
of rotation. Alternatively, planarmotion canbe repre-
sentedby a pure rotation of one of the camerasabout
anaxis not necessarilypassinghroughthe cameracen-
ter (calledthe screw axis). Whentheinternalcalibration
of the two camerags identical,the imageprojectionof

the scrav axisis the samefor both cameras.Therefore,
correspondingepipolarlines mustintersecton the line

whichis theimageprojectionof the scrav axis.

As shawn in figure 2, the epipolarline of a point p is
theline containingepipolee’ andtheintersectiorof the
imageof the scrav axism with theline throughepipole
e andpointp. If p andp’ arecorrespondingointsthen

p'- (e x (m x (e x p))) =0, 9)
whichimpliesthatthefundamentamatrix hastheform

F =[], [m],[e],. (10)

A differentparameterizationf the fundamentamatrix

for planarmotionis given by Vieville andLingrandin
[1999.

2.3 Calibration Constraints

The fundamentamatrix F describeghe epipolargeom-
etry betweena stereopair. It is alsoknown asthe un-

calibratedversionof the essentiamatrix E describedy

Longuet-HiggindLonguet-Higgins1981l. Both F and
E arerank 2 matrices. For an arbitrary stereopair the

rank2 constrainis theonly constrainon thefundamen-
tal matrix.

Whenthe intrinsic parametersemainconstantand the
relative orientationis describedy planarmotion,anad-
ditional constraintis imposedon the fundamentaima-
trix. Froma resultdueto Maybank[Maybank,1993,
the symmetricpart of the essentiamatrix, E + ET, is

s ua—

Figure 3: Catadioptricstereosystem. By imagingtwo
planarmirrors with a single camera,this compactunit
outputsstereamagesembeddedh asinglesignal.

rank 2 for planarmotion. It is simpleto showv thatwhen
the intrinsic parametersemainconstanthis canbe ex-
tendedto the uncalibrateccase providing the following
additionalconstrainibn the fundamentamatrix,

det(F +FT) = 0. (12)

This constrainreduceghe numberof free parameterg
thefundamentaatrixfrom 7 to 6. Notethattheparam-
eterizationgiven by (10) enforcesthe above constraint
andalsodependsipon6 parameters? for eachof e, €’
andm. Thefewer degreesof freedomin the fundamen-
tal matrix for catadioptricstereowill leadto morerobust
estimates.

Oncetheepipolargeometryis foundconstraintcanalso
be placedon the affine calibration. Affine calibrationis
achieved by identifying the homographyof the planeat
infinity H,, (uncalibratedotation)[LuongandVieville,
1994. Giventhe Fundamentahatrix therearestill three
unknowvn parametersieededto recover H,,. To esti-
matetheseparameterd is necessaryo find correspon-
dencesof pointsor lines at infinity. For planarmotion,
the horizonline of the planeof motion is the samefor
both images,and can be computedfrom the imageas
the line containingthe two epipoles[Armstronget al.,
1994. This providesoneline correspondencandthus
reduceghe unknavn affine parameterfy one. In addi-
tion, the modulusconstraintdescribedn [Pollefeys and
Gool, 1997 providesa polynomialconstrainton the re-
maining affine parameters. This constraintis derived
from the obsenation that whenthe intrinsic calibration
parametersire constantH ., is conjugatedvith arota-
tion matrix. In summarycatadioptricstereowith planar
mirrors introducesconstraintsvhich reducethe number
of degreesof freedomin boththe epipolarandthe affine
geometryof the stereopair, thusleadingto morestable
numericalresults.

3 Real-Time Implementation

Real-timesterecsystemdiave beenmplementedy sev-
eralresearcherfraugerastal., 1993 [Matthies, 1993



Figure4: Estimatedepipolargeometry Theepipolarge-
ometrywascomputedisingthe 8-pointlinearalgorithm
andthenenforcingthe planarmotion constraintoy non-
linear minimization. The two bright lines indicatethe
estimatechorizonline of the planarmotion andthe es-
timatedimageof the scrav axis (intersectiorof the mir-
rors).

[Kanadeetal., 1994 [Konolige,1997. All of thesesys-
temsusetwo or more camerago acquirestereodata.
Here,we describea real-timecatadioptricstereasystem
which usesa single camera. Figure 3 shows a picture
of the catadioptricstereosystemwe have designed. A
single Sory XC-75 b/w camerais usedwith two high
quality Melles Griot 2" mirrors.

3.1 Calibration and Rectification

To achieve real-timeperformancet is necessaryo have
scanlinecorrespondencbetweenthe stereopair. This
allows stereamatchingalgorithmsto beimplementedf-
ficiently as describedby Faugeraset al. [1993. Be-
causecatadioptricsterearequiregotatedmirrors(if only
two mirrors areused),we mustrectify the stereapair at
run-time. To computethe rectificationtransformwe first
needto estimatehe fundamentaimatrix.

An initial estimate of thefundamentamatrix is found
usingmanualkorrespondencesdthe8-pointalgorithm
of [Hartley, 1995. We then enforcethe planarmotion
constraint(11) by performing non-linearoptimization
usingthe parameterizatiodefinedin (10). Initialization
of e, ¢ andm is found by extractingthe epipolesand
the imageof the scrav axis from ¥ using the method
describedn [Armstrong,1996. The error criteriamin-
imizedis the sumof squaredlistancedo epipolarlines
andthe Levenbeg-Marquard algorithmis usedto per
form the minimization. Figure 4 shovs an exampleof
the estimatecdepipolargeometry Notethatit is not nec-
essaryto enforcethe planarmotion constrainthowever
the epipolargeometryfor planarmotion dependsupon
fewer degreesof freedomandthusis more resistantto
noisein the correspondences.

After computingthefundamentamatrix, we find arecti-
ficationtransformusingthemethodof Hartley andGupta

[Hartley and Gupta,1993. Oncecomputedthis trans-
form is usedto warp eachincomingimageat run-time.
The brightnessvalue of eachpixel in the warpedim-
ageis determinedy backprojectingto the inputimage
throughthe rectificationtransformand bilinearly inter
polatingamongadjacenpixels.

3.2 StereoMatching

The underlyingassumptiorof all stereomatchingalgo-
rithmsis thatthetwo imageprojectionsof a scengratch
aresimilar. The degreeof similarity is computedusing
a variety of measuresuchasbrightnesstexture, color,
edgeorientation,etc. Due to computationaldemands,
mostreal-timesystemsisea measur®f similarity based
onimagebrightness.However, differencesn focal set-
tings, lensblur and gain control betweenthe two cam-
erasresultsin the two patcheshaving differentintensi-
ties. For this reasonmary methodssuchasnormalized
cross-correlatiorl,aplacianof Gaussianandnormalized
sum of squareddifferenceshave beendevelopedwhich
attemptto compensatdor cameradifferences. By us-
ing a single camera catadioptricstereoavoids both the
computationatostandlossof informationwhichresults
from usingthesemethods.

Oneof the simplestmeasuresf similarity betweerntwo
imagepatchess the sumof absolutedifferencegSAD).
Becausewe useonly a single camera,SAD is a suit-
ablechoice.SAD keepsthe datasizesmallandis easily
implementedn SIMD (singleinstructionmultiple data)
processorsuchasthosewith MMX technology Fur-
thermore,SAD lendsitself to efficient scanlinecorre-
spondencealgorithms.

Stereomatchesare found by using a standardwindow
basedsearch. The searchis limited to an interval of
32 pixels alongthe epipolarline (scanline)of a 320 x
240 image. By using a simple measureof similarity
(SAD), scanlinecorrespondencandSIMD instructions
we wereableto achieve a throughputof approximately
20 fps on a 300Mhz PentiumIl machine. An exam-
ple catadioptricstereoimageand computeddepthmap
is shavn in figure5.

4 Future Directions

We have examinedthe geometryof stereowith two pla-

nar mirrors andshawn thatthe epipolargeometryis re-

strictedto the classof planarmotions. In additionwe

have implementedh real-timestereasystemusinga sin-

gle cameraandtwo planarmirrors. By using methods
from “uncalibratedstereo” [Hartley and Gupta, 1993

[Hartley, 1999 we have shawvn that catadioptricstereo
canbe performedwith two mirrorsin an arbitrarycon-
figuration.

Although single camerastereoeliminatesinter-camera
differencedntra-cameralifferencesstill remain. In the
future we intendto investigatdntra-cameraffectssuch



Figure5: Steredmageanddepthmap. Ontheleft is animagetakenby a catadioptricsterecsystemandon theright

is thedepthmapcomputednith a7 x 7 correlationwindow.

differencesacrossthe CCD and the cos*(a) decayin
image irradiance. Both of thesemay resultin differ-
entintensitiesat correspondingmagepoints. However,
throughcalibrationtheseeffectscanbe measuredndre-
moved.

Otherfuturedirectionsincludetheincorporatiorof color
and control of the apertureto improve the stereodata.
Catadioptricstereamay benefitfrom color becaus®nly

a single color cameraneedsto be usedand therefore
differencesin color responsecurves are not a factor

Aperturecontrolmay provide additionalinformationfor

stereomatching. By obtaining multiple imageswith

differentaperturesettingswe canincreasethe dynamic
rangeof the stereocamera. Again, we neednot worry

aboutdifferencesin aperturesettingsbetweenthe two

virtual cameras.

In conclusion,we feel that the sensorusedto acquire
the stereadatais just asimportantasthe algorithmused
for matching.In this respectcatadioptricsterecoffersa
significantbenefitby improving the quality of the stereo
dataat no additionalcomputationatost.
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