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In the parallel pipelined filter ordering problem, we are given a set of n filters that run in parallel.
The filters need to be applied to a stream of elements, to determine which elements pass all filters.
Each filter has a rate limit r; on the number of elements it can process per unit time, and a
selectivity p;, which is the probability that a random element will pass the filter. The goal is to
maximize throughput. This problem appears naturally in a variety of settings, including parallel
query optimization in databases and query processing over Web services.

We present an O(n?) algorithm for the above problem, given tree-structured precedence con-
straints on the filters. This extends work of Condon et al. and Kodialam, who presented algorithms
for solving the problem without precedence constraints. Our algorithm is combinatorial and pro-
duces a sparse solution. Motivated by join operators in database queries, we also give algorithms
for versions of the problem in which “filter” selectivities may be greater than or equal to 1.

We prove a strong connection between the more classical problem of minimizing total work in
sequential filter ordering (A), and the parallel pipelined filter ordering problem (B). More precisely,
we prove that A is solvable in polynomial time for a given class of precedence constraints if and
only if B is as well. This equivalence allows us to show that B is NP-Hard in the presence of
arbitrary precedence constraints (since A is known to be NP-Hard in that setting).

Categories and Subject Descriptors: F.224lysis of Algorithms and Problem Complexity]: Nonnumeri-
cal Algorithms and ProblemsSequencing and scheduling.2.4 [Database M anagement]: Systems—Query
processing

General Terms: Algorithms
Additional Key Words and Phrases: pipelined filter ordering; parallel databases; query optimiza-
tion; flow algorithms; sequential testing

1. INTRODUCTION

In answering a database query, it is often necessary tondietewhich tuples satisfy a
given set of predicates. In a factory setting, it is commosutoject manufactured items to
a series of quality tests, to determine which of the items pHiof the tests. In both cases,
the goal is to determine which elements satisfy a given séttefs. Thefilter ordering
problem addresses the problem of ordering the applicatigheofilters so as to achieve
this goal as efficiently as possible.

In this paper, we are concerned with filter ordering when tkeréi can operate in paral-
lel, but have limits on their capacity. This problem arisatunally in many settings. In the
context of combining information from multiple Web seng¢c¢he Web services may have
pre-specified rate limits on the number of queries that thilyamswer per second, and the
goal is to maximize the number of tuples that can be procgssesecond (cf. Srivastava
et al. [2006]). Similarly, in parallel database query optiation, different operators in the
guery may be evaluated on different processors, to achighehscalability. In a factory,
tests on manufactured items may be executed at differditrssaon the factory floor. In all
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these cases, we would like to choose the operator or testtordasure that the processing
power of the system as a whole is not wasted.

Specifically, we consider the problem of maximizing thropghin parallel pipelined
filter ordering There aren filters. Each filter is executed on a separate processoreT$er
a stream of elements that must be passed through the filtdilgerAcan only be applied to
one element at a time. As soon as an element does not pass, atfiteliscarded. If an
element passes a filter, it is either output (if it has pas#iditers) or sent on to be tested
by another filter. The filters operate in parallel. Each filthas a knowmate limitr; > 0,
which is a limit on the (expected) number of elements it cartess per unit time. It also
has a knowrselectivity0 < p; < 1, the probability that a randomly chosen element will
pass that filter. We assume that the filters are independezgabf other; in other words,
the probability that an element will pass a filter does notetheglpon whether it passes any
other filter.

Because our work was motivated by database applicationssevdatabase terminology
in presenting our results. We refer to the filteroperators and the elements a&sples

Figure 1 shows an instance of the problem, with four opesafor, - - - , O4. The edges
indicate the precedence constraints. The goal of mostipgzkfilter ordering problems
is to find asingle permutation of the operators in which to apply the operaioithe tu-
ples [Ibaraki and Kameda 1984; Burge et al. 2005; Babu et0@l4R However, it is easy
to see that, in the parallel setting, a single permutationldvaot maximize the through-
put, and we must instead use a set of permutations simuliahed his observation was
originally made by Kodialam [2001] who considered the penblof determining the max-
imum throughputin a sequential testing system. In the eXastpwn in Figure 1, a single
permutation can achieve a maximum throughput of 900, wisarsiag three permutations
simultaneously as shown, we can achieve a throughput of Ag8€s per unit time. Our
goal is to find the set of permutations and the associatedapiliy weights, collectively
called arouting, that maximizes the throughput. The probability weightsstraum to
1. When a new tuple enters the system, it is assigned one £¢ {permutations, chosen
randomly according to the probability weights (called theting for that tuplg.

Kodialam gave arO(n?) algorithm for the parallel pipelined filter ordering probie
which exploited the polymatroid structure of a certain gpassociated with the problem
instance [Kodialam 2001]. (He also considered a queudirgretic version of the parallel
pipelined filter ordering problem, in whichy is the maximum rather than the expected,
number of tuples thab, can process in unit time, and excess tuples are stored irequeu
he showed that this version can be reduced to the versionstisd here.) Subsequently,
Condon et al. gave a conceptually simplkn?) algorithm for the same problem [Condon
et al. 2009].

We extend the work of Condon et al. to give @n?) algorithm for solving the prob-
lem when there are tree-structured precedence constlatvieen the filters. The ability
to handle such precedence constraints is particularly itapbin a database query op-
timization setting, because tree-structured precedenogst@ints commonly arise when
executing multi-way join queries with acyclic join queryaghs. Most of the prior algo-
rithms for similar problems (including the seminal work Hyaftaki and Kameda [1984])
handle such constraints. We show that the parallel pipelfieer ordering problem is
NP-hard for arbitrary precedence constraints.

Like the algorithm of Condon et al., our algorithm is comhloral. It also has the
2
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p1=05 pg =0.5 precedence-constraint precedence-constraint

ry = 900 r4 225 oﬁo_o\‘ o
% 0, 0 04 1 2 3 4
p1=05 py,=05 p3=05 py=05 p1=05 py=05 p3=05 pg=05

r{=900 rp=900 r3=900 rq=225 r{=900 rp=900 rg3=900 ry=225
pp=0.5
r2 =900
r3 =900
38.5% tuples: 0O1=>02=>03=>04( )

15.4% tuples: 02 =» 01 =» 04 = O3
100% tuples: 01 =>02=>03=>04 ( ) 46.1% tuples: 03 => 02 = 01 =>» 04
Throughput of the routing = 900 tuples Throughput of the routing = 1560 tuples

U] (ii) (iii)

Fig. 1. (i) An example problem instance with 4 operator$;{ising a single permutation
results in a throughput of 900 tuples, and it does not uttlieeprocessing power of opera-
torsO2, O3, andO, fully (shaded areas indicate the processing capacity etlyretilized);
(iii) The optimal solution uses 3 permutations to achieveraughput of 1560 tuples. We
revisit this example in more detail later.

property, highly desirable in practice, that it producesparsesolution usingO(n) per-
mutations. The solution can then be converted to use at masrmutations by using
a standard procedure for converting an optimal solution linesar program into a basic
optimal solution.

We note that our algorithms, like those of Condon et al. andi&am, find solutions
that achieve maximum throughput when the system is in a gtst@de, or equivalently,
if the system is viewed as operating on an infinite stream jpiess They do not seek to
optimize throughput for a small set of tuples, or duringtsiaor ending phases.

Motivated by join operators in database queries, we alssidenthe case when some of
the operator selectivities are greater than 1 (i.e., we doastrictp;, < 1). A database join
between two relationR andS, requires us to find, for each tuptec R, all “matching”
tuples fromS, saysi, - - -, s, such that- ands; satisfy the join condition for all. Under
certain simplifying assumptions [Krishnamurthy et al. 898eshpande and Hellerstein
2008], such joins can be modeled as pipelined operatorsn altapler passes this op-
erator, it may return multiple tuplessy, - - -, r.sx. We make the assumption that when
a tupler enters a non-selective operator and generates new tuples: -, r.s, all new
tuples follow the same subsequent route; i.e., we consiagrsmlutions of this typé. In
practice, higher throughput may be attainable by allowiag tuples to follow different
routes. We leave as an open question the appropriate waydelmsystem with a mix of
selective and non-selective operators, and the relatestiqneof which types of routings
and solution spaces should be considered.

IWe can show that this assumption does not reduce attairtafdieghput in the context of a simple model in
which the expected behavior of an operator is in fact itsadighavior (so that at an operator with selectiyity
each tuple entering the operator generates exaaiw tuples). We used just such a simple model in the case of
selective operators, and as mentioned above, a queueinigticgustification for the simple model was given in
that case by Kodialam. Unfortunately, there are fundanheliffeculties in producing a similar justification in the
case of non-selective operators.

3



We call operators with selectivity 1 “non-selective” operators (if the selectivity of an
operator is< 1, we call it a “selective” operator). We obtain polynomiatfé algorithms
for two cases: (1) when the precedence graph is restrictbeé @ forest of chains, and
(2) when the precedence constraints are tree-structuuédlloperators have selectivity
greater than 1.

We also prove a strong connection between the problem ofrmiimg total work in
the sequential pipelined filtering ordering problef),(and the problem of maximizing
throughput in parallel pipelined filter orderinB). More precisely, using linear program-
ming duality, we show that probler is solvable in polynomial time for a given class
of precedence constraints if and only if probl&nis solvable in polynomial time for that
class. (A related LP duality was previously exploited in arengeneral setting by Liu
et al. in developing approximation algorithms for gener@axathroughput problems [Liu
et al. 2008].) This equivalence yields the aforementionadihess result for arbitrary
precedence constraints, since problanis known to be NP-Hard with arbitrary prece-
dence constraints [Ibaraki and Kameda 1984; Burge et ab]20®addition, since Ibaraki
and Kameda [1984] gave a polynomial-time algorithm for tlassical problem with tree-
structured precedence constraints, the equivalencesyaldlternative to the main algo-
rithm in this paper. The alternative algorithm uses thesdlid algorithm, and is both less
efficient and more complicated than the main algorithm is g@per. Its one advantage is
that it works for a combination of selective and non-selectiperators.

2. RELATED WORK

The problem of choosing the order in which to apply a giveno$etelection predicates
to the tuples of a relation is considered one of the centrablpms in database query
optimization, and has been deeply studied in literatureenadsariety of cost models and
scenarios. In this context, pipelined filter ordering is etimes calledselection ordering

Ibaraki and Kameda [1984] and Krishnamurthy et al. [198&]lared what we call the
classical(sequential) version of this problem, where the goal is toimize the total ex-
pected cost of applying the predicates to a tuple (cadlen-cosbor total work metric).
They presented polynomial-time optimal algorithms fosthroblem under the assump-
tions that the predicates are independent of each othethahthe precedence constraints
between the selection predicates form a forest of rootexstré&he problem is known to
be NP-Hard for arbitrary precedence constraints [Ibarakildiameda 1984; Burge et al.
2005], or in the presence of correlations [Babu et al. 2004].

The selection ordering problem has received renewed gtteintthe recent years in the
context of environments like the web [Chaudhuri et al. 1988ldman and Widom 2000;
Etzioni et al. 1996; Srivastava et al. 2006; Srivastava.e2@D5], continuous high-speed
data streams [Avnur and Hellerstein 2000; Babu et al. 20G0%],sensor networks [Desh-
pande et al. 2005]. These environments present significalifferent challenges and
cost structures than traditional centralized databagersgs Selection ordering problems
have also been studied in other areas such as fault detestdbmachine learning (see
e.g., Shayman and Fernandez-Gaucherand [2001] and Kamhr{2005]), under names
such as learning with attribute costs [Kaplan et al. 200%jimum-sum set cover [Feige
et al. 2004], and satisficing search [Simon and Kadane 1975].

Our work is closely related to recent work by Srivastava ef24106], who study query
optimization over Web services. Abstractly their problsridentical to the parallel pipelined
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filter ordering problem that we study here (each Web senacebe thought of as a paral-
lel filter). They consider a somewhat different solutionapthan ours in that they allow
sending a tuple to multiple Web services in parallel. This oeduce the total number
of tuples sent to the Web services if the Web services aresetattive. This does result
in additional processing at the querying site, to combirer#sults returned by the Web
services — that cost is inconsequential in their model. Hewneheir focus is on finding a
single routing over the operators to be used for all the &ytecontrast to our approach of
using different routings for different tuples simultanstyu For the case with only selec-
tive operators, our approach subsumes their approachelectave operators, there is no
advantage to being able to send a tuple to multiple filtersamaltel. But, for a mix of se-
lective and non-selective operators, neither their apgro®r ours is necessarily superior
to the other.

More recently, Liu et al. [2008] also considered the probtgrmonjunctive query evalu-
ation in a parallel setting, and provided randomized flovoetgms that generate approx-
imate solutions. However, they don't allow precedence tairds between the operators.

The algorithms we present are based on a characterizatigneny execution as tuple
flows. We refer the reader to Condon et al. [2006; 2009] forsauBsion of related work
on flow algorithms.

Similar to some of the previous work on developing algorigtimthe presence of prece-
dence constraints among operators or tasks, we first deael@tgorithm for the special
case offorest of chaingrecedence constraints (Section 3.4); we then extendlt@itam
to general tree-structured precedence constrainitnjnating forksin the tree bottom-
up. We note that the basic idea of eliminating forks bottgmteuextend an algorithm that
works for forests of chains to trees (more generallgéoies-parallel graphscan be at-
tributed to Lawler [1978], who used it to derive an efficientymomial-time algorithm for
job scheduling in the presence of precedence constraintssl adapted directly to solve
the classical selection ordering problem by Ibaraki and &aa{1984], who observed that
the Adjacent Sequence Interchange (ASI) property requisetiawler’s algorithm was
satisfied by the selection ordering problem. Our problemnafifig the optimal routing in
a parallel environment does not obey an equivalent propantyhence applying this basic
idea to our problem is more involved, and requires carefalyais (Section 3.5).

3. MTTC ALGORITHM: SELECTIVE OPERATORS

In this section, we present our algorithm for solving theafiat pipelined filter-ordering
problem, with tree-structured precedence constrainteyvelil operators are selective (i.e.,
p; < 1,Vi). The algorithm maximizetuple throughputi.e., the number of tuples that
can be processed in unit time. We call this M&TC problem (mhax-throughput with tree-
structured precedence constraipts

We begin with a formal problem definition (Section 3.1) anthe@reliminary lemmas
(Section 3.2). Next, we review the algorithm for the caséhwid precedence constraints
from Condon et al. [2009] (Section 3.3). We then present ost Kiey algorithm, for the
special case when the precedence constraintsfarest of chaingSection 3.4). Then, we
present an algorithm for the general case that recursieelyaes arbitrary tree-structured
constraints to forests of chains (Section 3.5). We concthéesection with a general
technique for reducing the number of permutations usedamdhting (Section 3.6).
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3.1 Definition of the MTTC Problem

The inputto the MTTC problemis a list efoperatorsQ;, . . ., O,,, associated selectivities
p1,--.,pn and rate limitsr, ..., r,, and a precedence graphon the operators. Graph
G is a forest of rooted trees. The andr; are rational values satisfying< p; < 1 and
r; > 0.

The goal in the MTTC problem is to find an optimal tuple routithgit maximizes
throughput. The routing specifies, for each permutatiorhefdperators, the number of
tuples to be sent along that permutation per unit fietuple sent along a permutatian
travels through the operators in the order specified jyntil it is either eliminated by an
operator or it has traveled through all the operators. Agaupkliminated by operatap;
with probability (1 — p;), and the probability that a tuple is eliminated by one operist
independent of the probability that it is eliminated by atbperators.

The routing must not exceed the rate limits of the operatond, must obey the prece-
dence constraints defined ¥

Below we give a linear program formally defining the MTTC plex. We use the fol-
lowing notation. Letr be a permutation of the operat@ds= {O;, ..., 0, }. Thek'" ele-
ment ofr is denoted byr (k). The index of operator (k) is denoted byr’ (k), sow (k) =
O (). Letoc(n) be the subset of the! permutations oD that obey the precedence con-
straints defined by7. Fori € {1,...,n} andw € ¢g(n), g(m,i) denotes the probability
that a tuple sent according to permutatioreaches operat@p; without being eliminated.
Thusifr(1) = O;, theng(r, i) = 1; otherwiseg(m, i) = pr/(1)Px/(2) - - - P’ (m—1), Where
m is such thatr(m) = O,. Define real-valued variables., one for eachr € ¢g(n),
where eacly,; represents the number of tuples routed along permutatioer unit time.
We call thef,. flow variables The number of flow variables is thus at mast

MTTC LP: Givenry,...,r, > 0,p1...,p, € (0,1), and a precedence graghon
{01,...,0,} that is a forest of trees, find an assignment to the variahlefor all = ¢

b (n), maximizing
F= ) [

TE€Epg(n)
subject to the constraints:
(D) X orepe(n) frg(m i) <riforallie {1,...,n} and
(2) f= > 0forall m € ¢c(n).

We refer to the first set of constraints involving theasrate constraintgsince they
guarantee that the rate limits are not exceeded). If asgghii to the f, satisfies the
rate constraint for; with equality, we say tha®); is saturatedby K. If K saturates all
the operators, we say that is asaturatingrouting. The valuef” achieved byK is the
throughputof K, and we callK arouting.

Given two operator®); andO;, we say that:

2These values are normalized using the total throughputeagiid, to obtain probabilities to be used for actual
routing during execution.
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— O, can saturate); if r;p; > ;.
— O, can just saturat®; if r;p; = r;.
— O; canoverfillO; if rip; > r;.
A chainis a tree in which each internal node has exactly one child.h&ircin the

precedence graph of an MTTC instanceisper if each internal node in the chain can
saturate its child.

3.2 Preliminary Lemmas

In this section, we present four main lemmas on which ourrélyos are based. We first
present a lemma proved earlier by Condon et al. [2006; 20B8]lding on that earlier
lemma, we then present three new lemmas.

Let K be a feasible solution to an MTTC instance, and®et {O,...,0,}. We say
@ C Qs asaturated suffiof K if Q) is non-empty and (1) the operatorgjnare saturated
by K and (2) if fr > 0in K, then the elements @ — ) precede the elements fin =
(i.e., no tuples flow from an operator {p to an operator it© — Q).

LEmMMA 3.1. (Condon et al. [2006; 2009]) (The saturated suffix lemma)eHsible
solution K to the MTTC LP has a saturated suft then K is an optimal solution and
achieves throughput

ZOieQ ri(1—p;)
(Hojeon pj)(1— HOiGQ pi)

F* =

Proof. See Condon et al. [2009]

Intuitively, the above lemma says the following: If in a sidm, there is a set of operators
that are all saturategindthere is no flow from an operator in this set to an operatormot i
the set, then the solution is optimal.

Condon et al. actually proved the above lemma assumingttbes tvere no precedence
constraints. Since adding precedence constraints to anOMii§tance can only reduce the
maximum throughput attainable, the lemma also holds wittstraints.

The next lemma concerns solutions in which all operatorsangrated.

LEMMA 3.2. Let I be an instance of the MTTC problem without precedence con-

. " ori(1-ps . L .
straints. LetZ = # Let F’* be the optimal value of the objective function
traints. LetZ 2(:1711_[ -
for instancel. If F* = ZlT]then every optimal routing fof saturates all the operators.
Further, if there exists a routing that saturates all the mgiers, then that routing is opti-

mal, and achieves throughpgt

Proof. For any operato©;, since operato©; has a rate limit of-;, O; can process at
mostr; flow units per unit time. Sinc®; has selectivity;, it discards at most; (1 — p;)
amount of flow per unit time. Thus under any feasible routihg, total amount of flow
discarded by all the processors per unit time is at most > " | r;(1 — p;); this is the
precise amount if all processors are saturated, and iscagyper bound otherwise.

Consider a routing achieving throughpkit. Of the F* amount of flow that is sent
into the system in this routing, the amount that succegsfrdivels through all the pro-
cessors (i.e., is not discarded by any)Fs[];_, p;. Thus the total amount that is dis-
carded by some processor, per unit timeFis(1 — [, p;). By the above F*(1 —

7



[T, pi) < >0 (1 — p;), with equality iff the processors are all saturated. Since

7 = %, F* = Z implies that all operators are saturated.
i=1"

Finally, given a routing that saturates all the operatoyshle above arguments the rout-
ing achieves throughput. O

Next, we prove the reverse of the saturated suffix lemma:drctse of no precedence
constraints, every optimal solution has a saturated suffix.

LEmMMA 3.3. Let I be an instance of the MTTC problem without precedence con-
straints, and letX” be an optimal routing fod. ThenK has a saturated suffix.

Proof. If K saturates all operators, then it trivially satisfies theditton. Let K be such
that it does not saturate all operators. Next we give a coctbte algorithm for finding a
saturated suffix of<, thus proving the lemma.

Let Og denote the set of operators that are saturate bysinceK is optimal,Og is
non-empty (otherwise we can increggefor some permutation to obtain a better solu-
tion). Further©Og C O. Check ifOg is a saturated suffix ok, i.e., for any permutation
that is assigned a positive flow i, check ifOg forms a suffix ofr. If yes, we are done.

Otherwise, letr be a permutation, witlf,, > 0, that does not hav®s as a suffix. Thus
there exist operator®;, O;, such thatD; € O — Og (0; is unsaturated)); € Og (O;
is saturated), an@; appears immediately befor@; in 7. Letn’ denote the permutation
obtained by swappin@; andO; in 7.

We now modify K by decreasing, by e and increasing,/ by ¢, where0 < e < f,
ande is strictly smaller than the remaining capacity @f. This does not change the
total throughput, and further does not change the numbeupés routed through any
operator other thaw; andO;. At the same time(); remains unsaturated, bat; now
becomes unsaturated (since the flow through it decreasestmathamount). We adjust
Og accordingly by removing);.

We repeat this process until there is no such permutatidret K’ denote the resulting
routing. HenceK’ has the saturated suffix property {if’ does not have any saturated
operators, then we can increase its throughput, thus abetireg the optimality ofK’).

Let O% denote a saturated suffix ¢f’. In other words, the operators @l are all
saturated, and for any permutatianthat has been assigned a positive flowAn, the
operators ir0% form a suffix ofr.

Now, note that the set of permutations that are assignetiym8ow in K’ is a superset
of the set of permutations that are assigned positive flo .iffurther, Oy € Og. Hence,
O’y must be a saturated suffix &f as well. O

The next and final lemma in this section is a stronger versfothe saturated suffix
lemma.

LEMMA 3.4. Let I be an instance of the MTTC problem with no precedence con-
straints, and let the operators inbe numbered so that > r5... > r,. Let

S il —pi)

k— n
(5= p)( =TTy i)
ThenF* is the optimal value of the objective function for instardcedf %’ is the largest
8
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value ofk achieving the valué™, then there exists an optimal routing for which
{0k, Or41,...,0,} is a saturated suffix.

Proof. Fora,b € {1,...,n},letS,, = Z ri(1 —pi), Pap = Hf:a p;, andhgp =
S,
W ThusF* = mznke{l 77777 n} Pl,}c—l hk,n-

The algorithm in Condon et al. [2006; 2009], when run on inpubutputs an optimal
routing K with a saturated suffix. The saturated suffi{ 8-, ...,0,} for somel <

k* < n, and the throughput achieved Wy is 5 hk* . That previous work also
shows that the value of the objective function Ios F* = MiNgeq hi ., and
thusF™* = P 1hk n-

It remains to prove that also has a routing achieving through%)t;—ilhk/m. If &' =
k*, this is trivially true.

Supposé’ # k*. Thenk’ > k*. Routing K sendsF™* amount of flow into the system,
with all flow traveling first through the operators @,y = {O1,...,Ok-_1} and then
through the operators iQs.rf = {Ok+, Og+41,...,0,}. Of the F* flow sent into the
system,P; ;-1 F™* of it reachesQ,,sf, and it saturates those operators. Lgtbe the
induced MTTC instance created by keeping only the operata@ps, ;¢ (i.€., by discarding
the other operators). It follows from the above that the saturating routing fof; that
achieves throughput; -1 F*. By Lemma 3.2, j« 1 F* = hy+

We show that, in fact, there exists a saturating roufingor I; whose saturated suffix
is {0k, Ogr41,...,0n}. Routingf( can be used to construct the following routing for
the original MTTC instance o0y, ..., O,: SendF™* flow through@,,.s as specified by
K, and then send th&, ;-_, F** surviving (i.e., not eliminated) flow througf. s+ as
specified byk . Since{Oy,...,0,} is a saturated suffix of this routing, this proves the
lemma.

It remains to show thak exists.

»»»»» n}Plk 1

Claim: Letakbe{l .,n}wherea < k < b. Then-
ha k-1, and 4 hkb—hab|ﬁpklhkb—hakl

hkb<hablff hkb<

The claim is easily shown to be true by algebraic maniputatioe definitions of” and
h, and the fact that the selectivitipsare strictly between 0 and 1.

Let I3 be the instance induced froha by keeping only the operators {{D/, ..., O, }.
By the definition of%’, for all j such thatt’ < j < n, p——hw < #hjn, and

hencehy ,, < —_ j.n- Therefore, by the result stated at the start of this prawfe
3] —

is an optimal routing fols for which {Oy/, ..., O, } is a saturated suffix, and hence this
routing is saturating fof; and achieves a throughputlm;t/m. Let K3 denote this routing.
LetI; be the MTTC instance induced fromby keeping only the operators{i®y-, . . .,

Ow—1}. Note that by the definitions df’ andk*, — —hien = 5 L —hi s and mul-
tiplying both sides byP; ;-_; we get that
h = L h Q)
k*.n P]{;*Jq’—l k'.n
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Applying the claim to Equation 1, we get that

1

—hw o 2
P )

P jr—1 =

We now show that there is a routing achieving throughiput,,_; on Io. Assume

not. Then by the properties @f* given at the start of this proof, there existsuch that
k* <i <k and

1
Pris higr—1 < hpe -1 3
Combining Equation 2 and Inequality 3, we get
1 1
hl /— 71?’ ! n 4
P+ i1 k-1 S P 1 M @

Multiplying both sides byP;- ;_1, we get that

hig—1 < o R n (5)
Applying the claim to Inequality 5 yields
hin < ! k' n (6)
' P17

Multiplying both sides of the above equation lej we get that

1 1
hin <
P17 P

hk’,n (7)

But this contradicts the definition &f in the statement of the lemma, since in the definition
for I'*, settingk’ to k must minimize the given expression, and thus setking 7 cannot
achieve a smaller value for it. 3.- -_; is the value of the maximum throughput by,
and there is a routing’, achieving this throughput of.

We now construck’ from K, andK5. It must send a total o;k*lﬁhk/,n flow through

the operators of; . R
By Equation 2,hy« j—1 = Pk*lkulhk“”' so K first usesK, to route

flow through the operators if,. After this flow has passed through the operatorgin
the amount of flow that has not been eliminatedjs ;- _: ( his m) = hi . Since

1
Por v/ 1

hk’,n

Pk*,k’*l
K3 achieves throughput éfy/ ,, K routes this remaining flow through the operatorg4n
using K3, and thu{Oy/, Oy 41, . .., O, } is a saturated suffix ok as desired. O

The above lemmas are the basis for our algorithms and theiectaess proofs. The
idea behind our algorithm is to construct a routing with aisated suffix. This may be
impossible due to precedence constraints; as a simple égaogmsider a two-operator
instance wher&; must preced®,, but O; cannot saturaté&,. However, by reducing
rate limits of certain operators, we can construct a routiity a saturated suffix that is
also optimal with respect to the original rate limits.
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3.3 The MTTC Problem with No Precedence Constraints

Our algorithm for the MTTC problem builds on the algorithm@dndon et al. [Condon
et al. 2009] which solves the MTTC problem with no precedetmestraints. We begin
by reviewing that algorithm and its correctness proof. itdsia routingK incrementally.
The routing consists of pairr, ) indicating thatz amount of flow is to be sent along
permutationr.

Let the operators be numbered such that> ... > r,. Let 7 be the permutation
(O4,...,0,). Since all selectivities are 1, = obeys the property that each operator in
the ordering can’t overfill its predecessor; this “can’t Gl property is an invariant of
the algorithm with respect to thresidualrate limits, i.e., the remaining available capacities
of the operators given the current flow through them.

We execute the following recursive procedure. Conceptuak start by sending flow
through the operators according to orderingbeginning with no flow, and increasing
the amount at a continuous rate. As flow is increased, theinémgaavailable capacities
(i.e., the residual rate limits) of the operators decre@mpose that before any operator
is saturated, an operato); suddenly becomes able to just saturate its predecéssior
7 (i.e., rip; = r;, wherer; andr; are the residual rate limits @; andO;). We stop
increasing the flow at this point. Letbe the resulting flow value. (We actually calculate
analytically.) No additional flow can be added alangithout violating the “can’t overfill”
invariant with respect to the residual limits. We plaeg ) into (initially empty) output
routing . We then modifyr by swappingD; andO;. In addition, we “paste0; to the
front of O;, forming a “superoperator(O;, O;). Throughout the paper, we use the word
“superoperator” to refer to an operator that was formed bynebining one or more other
operators.

All subsequent flow sent int@0;, O;) will be sent first toO; and then immediately to
0;. (Becaus&); can just saturat®;, this means that ultimately either both operators will
be saturated, or neither.)

We treat superoperat¢f);, O;) as a new single operator. Its rate limit is defined to be
the residual rate limit 0©; and its selectivity is defined to hgp;. We now have a new
orderingr on a set ofv — 1 operators. We set the rate limits of the remaining operators
equal their residual rate limits. We recurse onithe 1 operators and the modified In
each recursive call, we add anottier x) to routing K.

The recursion stops when, during some call, as we send singelow alongr, some
operatorQy, becomes fully saturated before (or at the same time as) agnatgO, be-
comes able to just saturate its predecessporin this caser becomes the amount of flow
causing the saturatiofiy, ) is added td¥, and we terminate.

The optimality of routingK is shown as follows. Since the algorithm increases flow
along a permutation at a continuous rate, no operator inraytetion can attain the ability
to overfill its predecessor without first becoming able td gagurate its predecessor, thus
triggering a halt to the flow increase. Thus when the flow iaseeis stopped, the permu-
tation satisfies the “can’t overfill” property. Swapping andO; preserves the property.
Thus the property holds at the end of the final call. It follavat becaus®),, is satu-
rated, so are all (super)operators followiflg. ThusK has a saturated suffix and hence is
optimal.

We illustrate the execution of the algorithm with the foliogy example (Figure 2). Con-
sider an instance with two operat@s andO-, wherer; = 3,75 = 2,andp; = p2 = 1/2.
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pq = 0.5 po = 0.5 pq = 0.5 po = 0.5
r1=3 F2=2 r1=3 r2=2
Step 1: Send 8/3 flow units along Step 2: Send 2/3 flow units along
01202 () 02-01 [l

Swap-merge O1 and 02 All nodes are saturated

= Optimal Solution.

Fig. 2. lllustration of the algorithm for the case with no gedence constraints

Letm = (O1,02). After sendinge = 8/3 flow along orderingr, the residual capacity of
01 is3—-8/3 = 1/3 and the residual capacity 6%, is2—1/2x8/3 = 2/3, sS0O can now
just saturat€);. We place(r, 8/3) into our routing. We swap; andO, in = and form a
superoperatofO2, Oy ) with rate limit 2/3 and selectivity /2% 1/2 = 1/4. Treating it as a
single operator irr, a trivial repetition of the above procedure (on one opeJjditeds that
sending2/3 flow units results in saturation of (super)operdtos, O1). These units are
sent along permutation’ = (O3, 01), so(n’,2/3) is added to the routing. The result is
an optimal routing saturating both operators, whose thtalughputiss/3 +2/3 = 10/3.

3.4 The MTTC Algorithm for Chains

We now present the MTTC algorithm for the special case in tipiecedence grapf
is a forest of chains. It is a generalization of the algoriflst described. That algorithm
does not work here becauggcedence constraints may be violatetuen:

(1) initially ordering the operators in decreasing orderaté limits, or when
(2) swapping the order of sontg; andO; in .

We handle the first problem via a preprocessing procedurehaddjusts the rate limits
of the operators so that@; precede®); in the precedence graph, then the rate limi©pf
is always higher than rate limit @p;.

To avoid the second problem we add additional steps to theesddgorithm, yielding a
new procedure that we call RouteChains. Details are below.

3.4.1 Preprocessing procedurdn the preprocessing procedure, we first make each
chain of G proper, as follows. For each non-leaf operafgrin the chain, beginning from
the top of the chain and proceeding downward, we executeotteing step:LetO; be
the child ofO;. If O; can’t saturateO;, then reset the rate limit; of O; to ber;p;.

Although the above procedure reduces the rate limits of sopssators, it does not
reduce the maximum throughput attainable. Because of theedence constraints, all
flow into an operato€©; must first pass through its parenf, so at most;p; flow can ever
reachO;.
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We finish preprocessing by generating a sorted list of theatpes, in descending order
of their rate limits.

3.4.2 The RouteChains procedur®outeChains is a recursive procedure that incre-
mentally constructs a routingf, consisting of pairs of the forrfwr, x), indicating thatz
amount of flow is to be sent along permutation

Define anl-superoperator (linear superoperator) to be a permutatiai a subset of
the operators, such that each operator’ifbut the last) can just saturate its successor in
7. The selectivity ofr’, denoteds ('), is the product of the selectivities of its component
operators, and its rate limit, denote@r’), is the rate limit of its first operator.

The inputs to RouteChains are as follows.

RouteChains. Inputs

1. Rate limitsry, ..., 7, (all > 0), and selectivitiep, . . ., p, (all strictly between 0 and
1), for a set of operato® = {Oq, ..., 0, },

2. A precedence graph with vertex sefO consisting of proper chains,

3. A permutationr of O obeying the constraints @f,

4. An ordered partitiol® = (1, ..., my,) of w into subpermutations;, where each; is
anl-superoperator. THesuperoperators d? must satisfy the following “can’t overfill”
condition: for2 < j < m, p(n;)o(n;) < p(mj_1). Thatis, eacl-superoperator i?
cannot overfill its predecessor.

RouteChains: Output
RouteChains returns a routirfg that is optimal for the MTTC instanck defined by the
input rate limits, selectivities, and precedence constsai

The inputs to RouteChains must satisfy the above propértiesder to be valid. In
particular, note that precedence grapimust consist oproperchains.

For the initial call to RouteChains, following preprocesgiwe use the given rate limits,
selectivities, operators, and gragh We set permutation to be the list of operators sorted
in descending order of their rate limits. We set partitidmo be the trivial partition where
eachl-superoperatot; consists of the single operatoy,. Because the chains ¢f are
proper,m obeys the precedence constraints. Becauselers the operators in decreasing
order of their rate limits, and the operators are selective,“can’t overfill” condition is
satisfied. Thus the initial inputs to RouteChains are valid.

RouteChains. Execution

RouteChains first calculates the minimum> 0 such that sending flow units along

permutationr triggers one of the following stopping conditions:

Stopping Condition 1. Some operator is saturated.

Stopping Condition 2: Somel-superoperator;, 2 < i < m, can just saturate its prede-
Cessorr; 1.

Stopping Condition 3: Some operatof); can just saturat®;, whereQ; is the child of
0, in a chain ofGG, andO; andO; are contained in distindtsuperoperators a?.

The value ofr is calculated based on the following observations. Suppes€Os, ..., 0,,).

For any operato@;, if y flow units are sent along, theny]‘[i;l1 i units will reach oper-
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atorO;. The residual rate limit of); will then ber; — y[T/_} px. Thus saturation of;

occurs wherny = ——4—. Similarly, it can be shown that f@& < j < m, |-superoperator
w—1 Pk
7 becomes able to just saturate ; wheny = —2T)o@)—plmi—1) = Finglly, for
! : %1 Y Hizl U(Fk)—Hi:l o(mk) y
1 <i < j <mn,O; becomes able to just saturaie wheny = ——>— - Thusz

szl Pk*Hi;i Pr
can be calculated by taking the minimum@fr) values.
After RouteChains computas what it does next is determined by the lowest-numbered
stopping condition that was triggered by sendinfipw along permutation.

If Stopping Condition 1 wastriggered, then RouteChains retur§ = {(r, z)}. In other
words, we have a saturated suffix and we are done.

Else, if Stopping Condition 2 was triggered for somem;, then RouteChains chooses
one suchr;. It swapsr; andm;—q in (71,..., 7 ,) and concatenates them into a single
[-superoperator, yielding a new partition intsuperoperators:

/
Pl = (71, . T2, MM 1, Tig 1y -+ Tm)
and a new permutation:
/
™ = (7T17T2 e T 2T T — 1T+ e e ,7Tm)

We call this operation awap-merge RouteChains then calls itself recursively, setting

to P/, m to 7/, ther;’s to the residual rate limits, and keeping all other inputapaeters
the same. The recursive call returns asépf flow assignments. RouteChains returns the
union of K and{(w, x)}.

Elseif Stopping Condition 3wastriggered by a parent-child pai©;, O;, then RouteChains
chooses such a pair aatisorbsO; into O; as follows.

If O, andO; are contained ifrsuperoperator&);) and(O,), each containing no other
operators, RouteChains deletes HseiperoperatofO;), and add®); to the end of O;),
to form I-superoperatofO;, O;). Otherwise, letv, z be such tha®; is in 7, andO; is
in 7. Leta,b be such thatr,(a) = O; andn.(b) = O,. RouteChains splits,, into
two parts,A = (m,(1),...,my(a)) andB = (m,(a + 1), ...,y (s)) wheres = |m,,|. It
splits7, into three partsC' = (7. (1),...,mw(b— 1)), D = (7.(b),...,mw(c— 1)), and
E = (m.(c),...,m(t)), wheret = |7.| andcis the minimum value ifb+1,...,t} such
that (c) is not a member of the same precedence chai,a# no suchc exists, it sets
c to be equal ta + 1 and E to be empty. RouteChains addsto the end of4, forming
four I-superoperatorgl D, B, C, E out of r,, and .. It then forms a new partitio®’
from P by replacingr,, in P by AD, B, in that order, anea-, by C, E in that order. If any
elements of”’ are empty, RouteChains removes them. t/edenote the concatenation of
thel-superoperators i®’.

Partition P’ may not satisfy the “can’t overfill” precondition with resgieo the residual
rate limits. (For example, it may be violated byuperoperator AD and its predeces-
sor.) In this case, RouteChains performs a modified topoédgiort onP’. It forms a
directed graplz’ whose vertices are tHesuperoperators i#’, with a directed edge from
onel-superoperator to a second if there is an oper@toin the firstl-superoperator, and
an operatoO; in the second, such th&; is a child of O; in a chain ofG. Sincen’
obeys the precedence constrair@,is a directed acyclic graph. RouteChains sorts the
I-superoperators i’ by executing the following step unt{t’ is empty: Let S be the
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precedence-constraint precedence-constraint precedence-constraint

0y 0, O3 Oy 0y 0, O3 Oy
py=05 py =05 p3=0.5 p4=05 py=05 pp =05 p3=0.5 p4=05
rq =900 rp =900 r3 =900 =225 rq =900 rp =900 r3 =900 1y =225

0, O3 Oy
py = 0.5 P3= 0.5 py =05
;=900 rg=900 ry=225

Step 1: Send 600 flow units along Step 2: Send 240 flow units along Step 3: Send 720 flow units along
01=02-03=04 () 02=> 010403 03=02=01=04
Swap-merge O2 and O1 Swap-merge O3 and {02—+01—-04} All nodes are saturated
Merge O4 into its parent O1 =5 Optimal Solution.

Fig. 3. lllustration of the algorithm for the problem instanshown in Figure 1

set of vertices (I-superoperators) (& with no incoming edges. Choose the elemert of
with highest residual rate limit, output it, and delete itdaits outgoing edges fror&’.
RouteChains resef?’ to be thel-superoperators listed in the order output by the sort, and
7' to be the concatenation of tholssuperoperators.

RouteChains then executes a recursive call, using thelisét of operators, precedence
constraints, and selectivities, and setting= 7/, P = P’ and the rate limits of the oper-
ators to be equal to their residual rate limits. The recersail returns a sek” of flow
assignments. RouteChains returns the unioR band{(m, z)}.

3.4.3 Example.We illustrate our algorithm using the 4-operator instanicevs in
Figure 1, which has three chains and one precedence consheiweerO; andO4. We
assume the rate limits of 900 for operatars O-, andOs, and a rate limit of 225 fo©,.
The selectivity of each operator is set to(bs.

e We arbitrarily break the ties, and pick the permutatidn— O, — O3 — Oy to start
adding flow.

e When 600 units of flow have been addéd,exactly saturate®; (stop. cond. 2). We
swap-merg&), andO; creatingl-superoperatods; .

e At the same time (after adding 0 units of flow), we fiid exactly saturates its child
Oy (stop. cond. 3). We absorl®, into its parent, creating superoperatds 4. There
is no need to re-sort.

e After sending 240 units alon@: — O; — O4 — Os, we find thatD; saturate®),14
(stop. cond. 2). We swap-merge them to get a single super ope(@ioy,.

e We send 720 units along@; — O — O; — Oy, at which point all operators are
saturated, and we achieve optimaliyop. cond. 1).

The throughput achieved is 1560; the best sequential plagléspermutation) can only
process 900 tuples per unit time.

3.4.4 Analysis of the chains algorithnThe correctness of the MTTC algorithm for
chains relies on the correctness of RouteChains. We begjirtié following lemma.

LEmMA 3.5. If the initial inputs to RouteChains are valid, then the doling invari-
ants hold on all recursive calls:
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— (@) The chains off are proper;

— (b) Each element; of P is anl-superoperator that cannot overfill its predecessear,
and

— (c) Permutationr obeys the precedence constraints.

Proof. The invariants clearly hold at the start of the initial calle show that if they
hold at the start of a call, they will also hold at the starthaf hext call.

The condition that triggers a parent-child absorption eesthat Invariant (a) is pre-
served. Since the residual capacity of an operator de@easginuously as flow into it
increases continuously, if an increasing amount of flow dealchlong a permutatiarn one
operator cannot lose the ability to saturate another béifstdeing able to just saturate it.
Once a child is absorbed in a parent, the parent will be ablestcsaturate the child in all
future permutations.

The condition that triggers a swap-merge ensures thatiamgb) is not violated when
adding new flow to the routing along permutation If an increasing amount of flow is
added along permutation onel-superoperator cannot attain the ability to overfill anothe
without first becoming able to just saturate it, triggeringvaap-merge. The swap-merge
creates a nelvsuperoperator from;_; andmr;, and it is easy to verify from the definitions
of its rate limit and selectivity that the new partition is deaup ofl-superoperators and
still satisfies Invariant (b).

The only other way that Invariant (b) could be violated wolddas a result of a parent-
child absorption. The partition produced by a parent-chbdorption clearly consists of
[-superoperators. It remains to show that the partitionltiegufrom a modified topolog-
ical sort has the property that mesuperoperator in the partition can overfill its predeces-
sor. The partition produced by the sort has the property fibragach pair of adjacent
I-superoperators; _, andr;, eitherp(m;—1) > p(w;), or there is an edge in the precedence
graph from an operator in;_; to an operator inr;. In the former case, clearly; cannot
overfill m;_1. In the latter, since the chains Gfare proper and the operators are selective,
the precedence constraint is from an oper&iprin m;_; with a higher rate limit to an
operatorO;, in 7; with strictly lower rate limit. By the properties dfsuperoperators, and
because operators are selective, the rate limi?,ofs an upper bound op(r;)o(m;) (the
amount of flow that can be output byguperoperator;), and the rate limit 0®; is a lower
bound onp(m;—1). Thusm; cannot overfillr; ;.

We now show (c). The modified topological sort executed dyaparent-child absorp-
tion respects the constraints. We show that the swap-mdamaswell. Suppose the inputs
to a recursive call to RouteChains satisfy (a), (b), andae)l a swap-merge is performed
onm;_; andm; following the addition ofr flow along permutationr. If this causes a vio-
lation of the constraints, then there exist operat@ysandO;-, such that,- is the parent
of O+ in a chain ofG, Oy~ was inm;_; andO;~ was inr;. After the swap-merge, each
operator in the mergeldsuperoperator; ;1 can exactly saturate its successor within
thatl-superoperator (if any). Since selectivities are less thae, after the swap-merge
the residual capacity ab;- is greater than the residual capacity@f., andOy- cannot
saturateD;-. But since all chains were proper at the start of the €ajl, could saturate
O~ before the addition. Thus for some< z* < z, addingz* flow along permutation
would have madé®),.- able to just saturat@;-, contradicting the minimality of. O
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Each instancd. of RouteChains has an associated MTTC instance consistititeo
operatorsQ, rate limitsr;, selectivitiesp;, and precedence gragh (but notw or the
partition P).

The following lemma proves optimality of the routing outfoyt RouteChains. Recall
that in order for an input to RouteChains to be valid, the pdetice graph must consist of
a forest of proper chains.

LEmMA 3.6. If the initial inputs to RouteChains are valid, then the liogt X' output
by RouteChains is optimal for the associated MTTC instaftds still optimal even if all
precedence constraints are removed from the MTTC instance.

Proof. The routing K output by RouteChains is easily seen to satisfy the ratedimi
By the previous lemma, it satisfies the precedence contrai prove that it achieves
maximum throughput, we do induction on the number of paotiit absorptions.

Base case: No parent-child absorptions.

We show that in this case the output routikghas a saturated suffix. By the saturated
suffix lemma, it immediately follows thak is optimal for the associated MTTC instance,
even if all precedence constraints are removed.

Assume for contradiction thdt” does not have a saturated suffix. Then there are opera-
torsO; andO; such thaiD; appears befor®; in some permutation used g, andO; is
saturated bys, butO; is not. IfO; precede®); in some other permutation usedif then
there must have been a swap-merge oflteaperoperators containirf@; andO;, since
we have assumed no parent-child absorptions. But a swagemeuld putO; andO; in
the samé-superoperator, and with no parent-child absorptiGhsgndO; would be in the
samel-superoperator in the final recursive call and hence wouttl be saturated by,
or both not. Therefor®; precedes); in every permutation used by, including the last,
when O, becomes saturated. But by Lemma 3.5, since no superopegataverfill its
predecessor, it is impossible for, to become saturated without first triggering Stopping
Condition 2, or causing; to become saturated as well, which is a contradiction.

Induction step: Assume that output routingy is optimal, even if precedence constraints
are removed, if the number of parent-child absorptioriswhere; > 0.

For RouteChains instandg let I (L) denote the MTTC instance associated witfi.e.,
the instance defined by the input rate limits, selectivjt#sl precedence constraintsiof

Suppose RouteChains performs exactlyl parent-child absorptions on a RouteChains
instancel.

We would now like to prove, as in the base case, that RouteSltainstructs a routing
with a saturated suffix. However, it is not clear how to do thisctly, because the modified
topological sort may change the ordering of the operatonsags that are difficult to
analyze. So, we take a different approach.

Let ¢ be such that the first parent-child absorption (when runiogteChains orl)
occurs in theyth recursive call. LeL,; denote the input instance for the- 1st recursive
call of RouteChains. The only difference betwdéi) andI(L,y1) is thatl(L,1) has
reduced rate limits.

Since the;+ 1st recursive call to RouteChains results (recursivelyhiy @ absorptions,
and the input to the + 1st recursive call is valid (by Lemma 3.5), by induction the 1st
recursive call outputs a routin,; for I(L,41) that is optimal even if all precedence
constraints are removed.
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Let K denote the set of flow assignmefis x) that are computed in the firgtrecursive
calls made by RouteChairs(. Thus RouteChaing( returns the routings U Kg+1-

Let L' be L with the precedence constraints removed. L(@t') be the MTTC instance
associated with.” (soI(L') is justI(L) with precedence constraints removed). Compare
the execution of RouteChainsand RouteChaing(). In the firstg — 1 recursive calls,
the computed flow assignmerts, =) are the same fof. andL’. The (r, ) computed
in the ¢th call for L and L’ both use the same permutatian the value ofz may be
greater forL’ (since a parent-child absorption was not triggered), bnhogabe less. Since
running RouteChains of’ is guaranteed to produce an optimal routing foE’) (by the
base case, since there are no parent-child absorptioas, tiust be a way to augmesit
with additional flow to obtain an optimal routing fé{L’). The routing output by running
RouteChains o’ can thus be written as the union of two routinggand a routingi,
whereK is an optimal routing for MTTC instancE L,.1) with precedence constraints
removed.

When running RouteChains on instancestarting from they + 1st recursive call, the
algorithm attempts to solvé(L,1), but with precedence constraints. By induction, it
finds a routing that is optimal even without the precedenewsiraints, and thus has the
same throughput a& . This routing, combined wittk’, is therefore optimal for bothi(L)
andI(L'). O

It is worth noting the following lemma, which is a direct ceggience of Lemma 3.6.

LEmmA 3.7. If Iis an MTTC instance whose precedence graph is a forest okeprop
chains, then the maximum throughput attainable forould be the same even if prece-
dence constraints were removed.

The following lemma follows directly from the above two lerag) and Lemma 3.3.

LEmMA 3.8. Let] be an MTTC instance whose precedence graph is a forest oéprop
chains. Then the routing produced by RouteChaind foas the saturated suffix property.

This last lemma suggests that it may be possible to modifRihte Chains procedure
so that the saturated suffix property can be proved morethjird¥e leave this as an open
guestion.

The following theorem gives bounds for the MTTC algorithmbains.

THEOREM 3.1. There is arO(n? log n) algorithm for solving the MTTC problem when
the precedence graph consists of a forest of chains. Theidigooutputs a routing that
uses at mostn — 3 distinct permutations.

Proof. The algorithm consists of the preprocessing procedurettlaiies chains proper
and sorts the operators, and the RouteChains algorithmomuthe initial inputs as de-
scribed above. Correctness follows immediately from tlevioius lemmas.

The running time of the algorithm is dominated by the timestaky RouteChains. Using
standard data structures, RouteChains can be implememtedt®ach recursive call takes
time O(nlogn). The modified topological sort can be run in tirf@én log n) because its
input graph has at mostedges. Each recursive call adds dnex) to the output routing.

Let » be the number of parent-child absorptions, arttie number of swap-merges.
The number of recursive callsis+ t + 1. Each swap-merge decreases the numbeér of
superoperators by 1 and each parent-child absorptionasesdt by at most 2. The initial
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number ofl-superoperators is, the final number is at least 1, 0+ 2r — ¢ > 1. Since
an absorbed child always remains with its parent, n — 1 and hence < 3n — 3. The
stated bounds follow. I

3.5 MTTC Algorithm for General Trees

We now describe the MTTC algorithm for arbitrary tree-stemed precedence graphs. De-
fine a “fork” to be a node itz with at least two children; a chain has no forks. Intuitively
the algorithm works by recursively eliminating forks frai bottom-up. Given a fork in a
tree of G whose subtrees are chains, the MTTC algorithm essentegilaces those chains
(in a strategic way) by a single new chain; each node in thect®in is a superoperator
made up of a subset of operators from the replaced chainsedatr superoperator, the
MTTC algorithm runs RouteChains on the operators in it to pota an optimal routing.
The algorithm then executes a recursive call on the modifiagtg which has one less
fork. Finally, it combines the routings computed for the ewgperators with the routing
computed during the recursive call.

3.5.1 Example.To provide intuition, we illustrate the execution of oneuesive call
to the MTTC algorithm. (We actually illustrate a simplifiedopess to give the intuition;
we discuss the actual process below in Section 3.5.2.)

Let the input graph be the one shown in Figure 4 (i). This gtashseveral forks; let the
next fork we eliminate be at node;. The subtrees undérs form a forest of three chains.
A new set of operators is constructed from this forest ofrehais follows:

e The three chains are made proper.

e RouteChainsis used to find an optimal routikigfor these three chains. Suppose that
{07, 05} is a saturated suffix of{’. Let K5 denote the routing (oved; and Os)
derived fromK’ that saturate®, andOs.

e A new operatofzg is constructed corresponding@ andOs. Its rate limit is set to
be the throughput achieved By, and its selectivity is set to;ps.

e O; andOg are removed from the three chains, and from the sorted lispefators.
RouteChains is applied to operata@ds and Os. Suppose the output routingss
saturates both operators.

e A new operatoiOsg is constructed to contaii; and K. Its rate limit is set to the
throughput ofi(5¢ and its selectivity is set tp; pg.

e A new precedence graph is constructed as shown in Figurg 4 (i

Having eliminated a fork from the graph, the resulting pesblis recursively solved to
obtain a routingk™”’, which is then combined withs and K75 to obtain a routing for the
original problem, using a technique from [Condon et al. J00%e illustrate this with an
example (Figure 4 (iii)).

SupposeK”’, the optimal solution for the reduced problem (Figure 4) (ii)ses three
permutations:

(O1,02,03, 04,056, O73), (01,02, O3, Os6, Oz, O4), and(O1, O2, O3, Osg, O4, O7g),
and let the total flow bé. Further, suppose the first and third permutations eacly c%arr
flow, and the second Carri%$ flow. Similarly, suppose routing(s¢ for Os¢ sends half the
flow along permutatioiOs, Og) and half along Og, O5). These two routings are shown
graphically in the first two columns of Figure 4 (iii). In eachlumn, the height of the
region allocated to the three permutations indicates thetibm of flow allocated to that
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)] (ii)
0

07 0,7 0370,7 055 Oz 0,04 0,0, 0370, 705 057 Opg
070,705,705, 0507370y

0y _’02_’ 03_’ 056_’078 _'04 ———————— * ______________________
071 70,7037 05705 077 0y

————————————————————— 0505 e

01 0370, 056 0, Opg 01 03770, 05705; 0,0

(iif)

Fig. 4. (i) An example precedence graph; (ii) The forest adink below operatoD; is
replaced by a single chain to obtain a new problem; (iii) Tolatson for the new problem
and for the operataDs¢ are combined together.

permutation by the associated routing. In the third colunenswperimpose the divisions
from the first two columns. For each regidhin the divided third column, we label it
with the permutation obtained by taking the associated ptation from column 1, and
replacingOsg in it with the associated permutation from column 2. For egkarnthe sec-
ond region from the top in the third column is associated \Wih, O, O3, Os6, O7s, O4)
from column 1 andOs, Og) from column 2, and is labeled by combining them. Column
three represents a division of flow among permutations @helbperators, yielding a final
routing that divides units of flow proportionally according to this division. Thesulting
routing aIIocate%t flow to each of four permutations. The same approach wouldsbd u
to incorporate the routing fak';s into the overall routing.

Note that the MTTC algorithm, like RouteChains, works byaaigdly combining indi-
vidual operators into new superoperators. In the above pbkam; andOgz are combined
to form the superoperat@?ss. AlthoughOse is not anl-superoperator, it shares an im-
portant property with thé-superoperators: there is a routing for its component dpesa
(namely K56) that will saturate both of them. Therefore, when routikif is combined
with K56 (to obtain a routing that us€s; andOg, rather tharOs¢), the resulting routing
either saturates both; andOg, or neither of them. The same is true fof andOx.
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3.5.2 MTTC algorithm descriptionThe MTTC algorithm is a recursive procedure that
works by repeatedly eliminating forks in the precedencelgralVe describe the steps in
the MTTC algorithm here. The algorithm uses two procedu@msnbineRoutingand
AggregateChainglescribed below.

MTTC Algorithm: Inputs

1. Rate limitsry, ..., 7, (all > 0), and selectivitiep, . . ., p, (all strictly between 0 and
1) for a set of operator® = {0y, ..., 0, },

2. A precedence graph with vertex setD, whereG is a forest of trees.

MTTC Algorithm: Output
The algorithm returns an optimal routitig for the MTTC instance defined by the inputs.

MTTC Algorithm: Execution

1. Base Case: I; is a forest of chains, apply the MTTC algorithm for chainsaffm
3.4) and return the solution.

2. Otherwise, le©); be a fork ofG whose subtrees are all chains.

3. LetS denote the set of descendant€gpfand let/s denote the induced MTTC instance
restricted to the operators ifi. The precedence graghs of Is is thus a forest of
chains.

4. Make the chains idg proper (Section 3.4.1), and call AggregateChaigsto get
a partition(A44, - - -, A,,,) of the operators ofs, and routingsk 4,,---, K4, corre-
sponding to the sets of the partition. For edch,, let7(K 4,) denote its throughput.

5. Createn new operatorsds, - - -, A, corresponding to thel;’s. For each4;, define
its rate limit p(A;) to beT(K4,), and its selectivityg(.A;) to be the product of the
selectivities of the operators is;.

6. Construct a new precedence gr&ghfrom G by replacing the chains belo@; with
the single chaif Ay, ..., A,,). ThusG’ has one fewer fork thaf.

7. Let!I’ be the resulting new MTTC instance, having precedence giéph
8. Recursively solvé’. Let K’ be the routing returned by the recursive call.
9. Use CombineRoutings to combine theg, with K. Return the resulting routing.

AggregateChains: AggregateChains is used in fork elimination, to replacet@tehains
emanating from a fork by a single chain. In the example preseabove in Section 3.5.1,
to eliminate a fork we ran RouteChains repeatedly on thensh&inanating from the fork,
each time removing the operators in a saturated suffix. Fmiexfcy, AggregateChains
does something slightly different. It first uses a proceddescribed below, to identify
the operators in a saturated suffix of some optimal routirithwt actually computing the
routing); it then runs RouteChains just on the operatorka $aturated suffix to produce
a (saturating) routing just for those operators. As in thangale, it then removes the
operators in the suffix, and repeats. For each saturated, sAdfijregateChains outputs the
set of operators in it, and the routing computed for it.

Formally, AggregateChains takes as input an instanoéthe MTTC problem whose
precedence grapfi is a forest of proper chains. AggregateChains first sortgpleeators
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in I in descending order of their rate limits. It (re)numbersit@,, ..., O, so thatr; >
... > ry,. It then executes the following recursive procedurd olt computes the value
i il = pi)
k—1 n '
(ITj=1 p) (A =TTz i)
It forms the setC;- = {O;-,...,0,}, wherej* is the largest value of achieving the
minimum valueF™. Since the chains ofi are proper, the operators @;- correspond
to the operators in (possibly empty) suffixes of the chain&'ofAggregateChains runs
RouteChains just on the (sub)chains of operators;into produce a routingy’;- .

By Lemma 3.4, there is a routing féwith precedence constraints removed thattias
as a saturated suffix. Therefore, the induced instanag;onwith precedence constraints
removed, has a routing that saturates all its operators. éyrhas 3.6 and 3.2%;- is
optimal for I and saturates all the operators(in..

After computingK ;-, AggregateChains then removes the operatolsS;infrom 7. If
no operators remain in the chains, AggregateChains outpatsne-item list4; where
A, = Cj~, together with routing<; = K;-. Otherwise, AggregateChains executes a re-
cursive call on the remaining operators in the chains (aadhtiuced precedence graph) to
produce a partition of the operatats= (44, ..., 4,,—1), together with a corresponding
list K4,,...,Ka, , of saturating routings for the operators in each of the It then
setsA4,, = Cj«, appends it to the end dP, appendss;- to the end of the associated

. .
F* = mingeq1,...n)

list of routings, and outputs the resulting partitibh= (A, ..., A,,) and list of routings
KA17 B '7KA771.'
CombineRoutings: CombineRoutings is used to combine the routidgs, ..., Ka,,

with K’. The approach is described fully in [Condon et al. 2009] aasl heen illustrated
with an example above (Figure 4 (iii); Section 3.5.1). Weatie it briefly here. It be-
gins by dividing the real intervdD, 1] once forK”’, and once for eack 4,. The division
for a routing divided0, 1] into as many subintervals as there are permutations uséé in t
routing, each of these permutations is associated with tenvial, and the length of each
subinterval is equal to the proportion of flow the routingd®along the corresponding per-
mutation. It superimposes these divisions to produce a masiah that yields a combined
routing for K’ and theK 4,, in @ manner analogous to what was shown in the example. If
P4, is the number of permutations used/y,, and P4 is the number of permutations
used inP4/, then the number of permutations used in the combined @usirat most
Par+ (3 Pa,) — m.

3.5.3 Analysis. We now prove that the MTTC algorithm outputs an optimal nogiti

The idea behind the MTTC algorithm is the same as the ideantdehi chains algo-
rithm: to produce a routing with a saturated suffix. Agains tlnay be impossible due to
precedence constraints.

Let k£ be the number of recursive calls performed by the MTTC atbori(including the
initial call). LetI4,..., I, be the inputs to thé recursive calls. For convenience, define
Iy =1I.

Let O denote theith operator inZ;, the input to thejth recursive call of the MTTC
algorithm. OZ is either a trivial superoperator containing one origingé@tor, or was
formed by recursively combining operators in recursivéschl. . ., j — 1. We say that an
operatolO] containsthe original operators that were recursively combined éat it. We
also say that it contains the intermediate operators thet a@mnbined during the recursive
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combination (including itself).

During the running of the MTTC algorithm, rate limits of opéors are reduced. Sup-
pose that each time we reduce the rate limit of an oper@foby a factorc during a
recursive call, we also reduce the rate limits of the origaperators contained iﬁ)g by
the same factoe. At the end of the algorithm, each original operator has d,freauced
rate limit. _ _

Let ! denote the rate limit of)] at the start of thgth call. Lets] denote the multi-
plicative factor by which the rate limit (ﬂ){ is reduced in thgth call. If the rate limit of
O! is not reduced in thgth call, thens! = 1.

We show that the routing output by the algorithm has a sadmsuffixwith respect to the
final reduced rate limits of the original operatorand hence is optimal for those reduced
rate limits. We then show that the routing is also optimahwéspect to the original rate
limits.

We begin by proving that certain rate limit reductions do aifféct the total throughput
attainable.

Given a precedence graghand an operato®; in G, define anupper descendant set
of O; to be a subsef of the descendants @J;, not includingO; itself, such that for any
operatorO; in S, S contains all operators lying on the subpatidrirom O; down toO;
(excludingO; itself).

LEMMA 3.9. LetI be aninputinstance forthe MTTC algorithm. I(&tbe an operator
in I. LetS be an upper descendant set@®@f, and let/s be the MTTC instance induced
from I by keeping just the operators i, and the associated induced precedence graph.
Suppose the maximum throughput attainable ffgiis more thanr;p,. If we reduce the
rate limits of a subset of the operators$ such that the maximum throughput attainable
on I is still at leastr;p;, then the maximum throughput attainable bis unchanged by
those rate limit reductions.

Proof. Let K¢ be an optimal routing fofg, after the rate reductions are performed on
S. SinceKg is optimal, the throughput achieved by it is at leagt;. We will use K¢
below.

Now define a new MTTC probleri*, which is equal to the original, except that we
modify the rate limits of the operators #to becc.

Clearly the maximum throughput attainable B1 is at least as large as that attainable
onl.

Consider an optimal routingd > for 7°°. Without loss of generality, we can assume
that in each permutation used B§>°, the operators irt appear in some order immedi-
ately after operato©;. If not, we can move them forward in the permutation to appear
immediately afterO;, preserving their relative order: this can ony reduce the fltto
other operators, so rate limits are still obeyed, and becéus an upper descendant set,
precedence constraints are obeyed also.

Define a new (super)operat@s whose selectivity is the product of the selectivities
of the opeators in5, with infinite rate limit. In each permutation df*°, remove the
operators inS (which appear consecutively) and replace them wih This yields a
modified routingK’{° that usesDs instead ofS. SinceOg always appears immediately
afterO; in K7°, the total amount of flow enterin@s in K{° is at mostr;p;.

Since the throughput achieved by routiAg is at leastr;p;, we can combine routing
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K$° with routing K to obtain a new routing fof that achieves the same throughput as
K°° and respects the reduced rate limits of operatofs ifhus the reduction in rate limits
does not affect the maximum throughput attainable .onJ

We now prove an important property of the new operatdss. . ., A,, created as a
result of the call to AggregateChains in Step 4 of the MTT@atgm.

LEMMA 3.10. The new operatorgly, ..., A,, created in arecursive call of the MTTC
algorithm have the property that for ea¢he {2,...,m}, 7(Ka, ,)o(Ai—1) > 7(Ka,)
(i.e., A;—; can saturated;). The computed routingK 4,, ..., K 4, are saturating rout-
ings for the induced MTTC instances dn, . . ., A,, respectively (with respect to the rate
limits of the operators in thel; when theK 4, are computed).

Proof. Consider the call to AggregateChains that was used to create ., A,,. The
chains input to AggregateChains were made proper prioetedh. In what follows, when
we talk about issues involving rate limits (such as optityalf routing, saturating routings,
or proper chains), we mean with respect to the rate limithefdperators at the start of
AggregateChains.

By Lemma 3.2, for eachh € {1,..,m}, there exists a routing(; that is optimal for
the induced MTTC instance on the operatorslin J . . . | J 4; with precedence constraints
removed, such that, is a saturated suffix ok’,. Let 7(K) denote the throughput df’.

The second part of this lemma, which says that,, ..., K 4,, are saturating routings
for Ay,..., A, follows directly from the argumentin the description ofgkggateChains.
We expand on that argument here to prove the first part ofehisria.

Now leti: € {2,...,m}. SinceA, is a saturated suffix ak’;, routing K/ sends all flow
first through the operatorsia; |J. . .|J 4;,—1 and then through the operatorsdn, which
it saturates. The amount of flow reachidgin routing K is (K)o (A1)o(Az) ... 0(Ai-1),
and thUS’(K{)O’(Al)O'(AQ) e U(Ai_l) = T(KAl.). Similarly,T(KZLl)a(Al)U(Ag) e O'(Ai_g) =
T(KAi—l)'

If we remove fromK] the portion of the routing that goes through, we are left with
a routing throughd4, {J...|J A;—; that still achieves throughput K/). SinceK] , is
optimal,7(K/_,) > 7(K}). It follows that

T(Ka,_y)o(Ai) = 7(Kj_1)o(A1)o(Az)...o(Ai1)

T(K)o(Ay)o(As)...o(Ai—1)
T(KA'L)

Y

which completes the proof.(d

Before proceeding, we define some additional notation.

Letj/ > j. Ifin call j/, the operator containing’ is O/, , then we defines(0?, j') =
sf, i.e.,S(Og,j’) is the multiplicative factor by which the rate limit of the egator con-
taining O’ is reduced in calj’. ThusS(0?, j) = /.

Forl suchthay <1 <k, defineR(0},1) =/ [T,,_, S(0},j'). ThusR(O}, 1) reflects
the rate reduction performed (Bj in call j, and all rate reductions performed on operators
containingO’ in callsj + 1 throught.

Define K to be the routing returned by théh recursive call.
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The following lemma states that in thieh recursive call, for each operal@rf, thereis a
saturating routing on the original operators containedhiwiit. Here saturation is defined
with respect to the rate limits that reflect the reductiomégseed in callsl, ..., j — 1.

LEMMA 3.11. For each operato(){ in the jth recursive call of the MTTC algorithm,
there exists a routingC? on the set of original operators containedil with the following
properties:

—K-Z obeys the precedence constraintgin
—The throughput achieved B/ is 1.

—For each original operato©; contained in0?, the amount of flow reachin@; in K’
isR(O},j—1).

Proof. The proof is by induction orj. It trivially holds for j = 1. Assume it holds for
J — 1, wherej > 2. We show it holds foy. ‘

Consider an operata@p; from call j. Suppose first thad; was formed from operators
below the eliminated fork in calj — 1, i.e., O{ corresponds to somd, created in call
J — 1 by combining the operators id,. Saturating routing< 4 was computed for the
operators ofd,. Let ngl be an operator ini, .

The initial rate limit?, "' of O/" is reduced by a factor of/, " in call j — 1. By
Lemma 3.10, routing< 4 constructed fotd, is saturating for its component operators,
implying that the amount of flowing reachi®), " in K 4_is+),'s? ", its rate limit after
the reduction. _ _

By induction, there is a routin Z?fl for the original operators contained '(ﬁf.,’l
achieving throughput/ ™", such that for eactd} contained in0? ", the amount of flow
reaching it ink? " is R(O},j — 2). ScalingK? " by a factor ofs, — 1 reduces its
throughput tor,~'s/ ", and reduces the amount of flow reaching contained opegtor
to s/, "R(O},j —2) = R(O},j — 1). It follows that applying CombineRoutings #6.4_
and ther,, to incorporate scaled versions of thJ into K 4_, yields a routing with the
desired properties.

If O] was not formed from operators below the eliminated fork ith ga- 1, then it
is the same as an operator from call- 1 whose rate limit was not reduced in that call.
In this case, the existence of the desired routing follows@diately from the inductive

assumption. [

The final recursive call of the algorithm computes a routit) for a forest of chains,
after those chains are made proper. By LemmaZg*8has a saturated suffix. We want
to show that each operat6r’ in the saturated suffix has a special property: The rout-
ing K output by the MTTC algorithm saturates all original operata OF, if we define
saturation with respect to the final reduced rate limits efahiginal operators (reflecting
all reductions made to containing operators in calls. ., k). We do this by proving the

following technical lemma. We get the desired result byrigki = 1 in the lemma.

LEMMA 3.12. The following holds for each operat«i?ff in the jth recursive call of
the MTTC algorithm: ifK* saturates the operator iy, containingO{ (where saturation
is defined respect to the rate limit of that operator at the ehdall k), then in K7, the
amount of flow reaching operata?’ is exactlyR(O7, k).
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Proof. The proof is by backwards induction gn For the base case, lgt= k. If OF is
an operator in, and its rate limit is reduced by a factor gf during that iteration, then if
routing K'* saturate®” (with respect ta*’s final rate limit), the amount of flow reaching
OF in K* is clearlyR(OF , k).

Suppose the lemma is true for We show it is true forj — 1. There are two types of
operators in/;_;: those that are in the chains below the fork that is removeliy — 1,
and those that are not. We argue that the lemma holds for yyo#is t

Consider recursive cafl — 1. Let Off’l be an operator in callj — 1) that is contained
in a saturated operator &f*.

Suppose first tha(t){_1 is in a chain below the eliminated fork, and is incorporated i
an operatotd, which becomes operatc@lj in 7;. By Lemma 3.10, routing< 4, con-
structed forA. is saturating, so the amount of flowing reachi®g " in K 4_is+?~'s/ ™",

By induction, in routingk’? for 1, the amount of flow reachin@lj is R(Olj, k).

The throughput of 4 is 7(K4.) = r]. Lett = R(O],k)/r], i.e. t is the product
of the factors by which the operators contain'@é are reduced in callg, ..., k. Thus
R(O},k) = r)""s)""t. In call j — 1, CombineRoutings incorporates a scaled version of
K 4. into K7 to producek’~!. Since ink7, R(O}, k) amount of flow reache®; , routing
K’~! sends a total oR(Olj, k) flow through the operatorsid., using K 4. scaled down
by a factor of R(OJ, k)/7(K4.). Since inK 4_, the amount of flow reaching’ " is
775171, the amount of flow reaching’ " in K7~Vis+/~'s] ' R(OJ k) /m(Ka.) =
Pl = RO ).

Now suppose thatf)-z?'_1 is not in one of the chains below the eliminated fork. In this
case, its rate limit not reduced in cdll 1, and it is not combined with other operators
during that call. It follows easily by induction that the anm of flow reachin@{’1 in
K'-YisR(O' k). O

LEMMA 3.13. LetS be a saturated suffix of the operatorsiit. LetS; be the set of
operators inl; contained in the operators ¢f. Then in every permutation used/, the
operators inS; form a suffix of the permutation.

Proof. Using the recursive construction &f7 from K*, it is easy to see that each per-
mutationr used inkK7 can be derived from a permutatiahin K* by replacing eacl)¥
in 7' by the operators froni? contained in it (listed in the appropriate order). Since the
operators of5 appear at the end of every permutation useddy the lemma follows. O

We now prove correctness of the MTTC algorithm.

LEMMA 3.14. The MTTC algorithm outputs an optimal routing.

Proof: Let I be the input instance. The algorithm clearly outputs a nausatisfying
all rate and precedence constraints/of We show that the routing achieves maximum
throughput.

LetIy,..., I be the same as the initial input instarice- I, except that inl; the rate
limit of O;(= O}) is replaced withR(O}, j). Definel, = I. Thus the rate limits of the
operators infj are greater than or equal to the corresponding operat(fys;in

Note that the operators of each of tf}eare precisely the original operators of the input
instancel. In contrast, the operators i, the input to thejth recursive call of the MTTC
algorithm on input/, may be superoperators containing many of the originalaipes.
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The proof is in two parts. We first show that the final routingpat by the MTTC
algorithm on inputl achieves maximum throughput with respect to the rate liinits,.
We then show that the maximum throughput attainable is theesr each of thel;,
implying that the final output routing is also optimal fy = I, which proves the lemma.

Part 1. The final output routing achieves maximum throughput wigpest to the rate
limits of Ij.

Consider the final recursive call of the algorithm. The inputo this call consists of a
forest of chains. The chains are first made proper, which m&gileeducing some of the
rate limit. These reductions are reflected’jn A routing is then computed for the chains,
using RouteChains. By Lemma 3.8, this routing has a satlisatfix S.

Let S be the set of original operators contained in the operatiofs @Gince the final
routing output by the algorithm i&' = K, by Lemma 3.12 the amount of flow reaching
each operatad! € S; in routing K is R(O}, k). By Lemma 3.13, the operators ) are
a suffix in every permutation used By. ThusS; is a saturated suffix ak” with respect to
the rate limits off},, and hencéX is optimal with respect to those rate limits.

Part 2: Forallj € {1,...,k}, the maximum throughput attainable f;nis the same as
itis for I;_;.

The statement clearly holds ﬁ;-,l = I, i.e., if no rate limits are reduced in call
Suppose not.

Consider the execution of cgll In call j, a fork is removed from the precedence graph.
Consider the chains below that fork. Sinke, # I;, some of the chains below the fork
are not proper at the start of calland the rate limits of some of the operators in them are
reduced in callj.

We call an operator in cajl a “bottleneck operator” if it is in a chain below the removed
fork but does not have its rate limit reduced in calbut its successor in the chain does
have its rate limit reduced in cajl

We claim that (1) each bottleneck operator in gal a trivial superoperator consisting
of only one original operator and (2) the rate limit of the thteck operator was not
reduced in previous calls (i.e., its rate limit has the saalaesinI, ... ,fj,l). To prove
the claim, note that operators are only combined by the AgagesChains procedure. If a
chainAy, - - -, A,, is formed during a call to AggregateChains, then by Lemma 8dlch
A; in the chain can saturate its successor. Further, eachhiemate limit of an operator is
reduced, it becomes able to exactly saturate its succeSisme at the start of cafl, each
bottleneck operator cannot saturate its successor, time fddows.

Now consider a bottleneck operatoy in a chain ofl;. Consider the maximal subchain
below O, whose rate limits were reduced. After the reduction in raét$, it is still pos-
sible to router,p, flow down that subchain without violating the rate limits @fyeof the
operators in the subchain, whetgandp, are the rate limit and selectivity of the bottle-
neck operator. Le$ denote the set of original operators contained in the opesat the
subchain. Note that is an upper descendant set@fin the original precedence graph (as
defined right before the statement of Lemma 3.9). For eactao@®? in the subchain, let
Kf be the routing on the original operators contained)jrwhose existence is guaranteed
by Lemma 3.11. Using thé(ij, one can convert the routing sending, flow down the
subchain into a routing through the original operator§'ithat achieves throughpugp;,
by scaling each of th& by s. Further, sincek; sends at mosk(0},j — 1) flow into
each original operatad; , the converted routing sends at mgsk(0}, j — 1) = R(O}, §)
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flow into operatoO}. Thus if we take the MTTC instancfg_l, and reduce the rate limits

of all O} in S to R(O}, ), the throughput attainable on the induced instance camgist
only of operators inS is at leastr,p,. It follows from Lemma 3.9, that reducing the rate
limits of operatorsD} in S from R(O},j — 1) to R(O},j) in I;_, does not reduce the

throughput attainable. Applying this argument succesgieall bottleneck operators, it

follows that the maximum throughput attainable ris the same as it is faf; ;. [

THEOREM 3.2. There is an algorithm that solves the MTTC problem that rurtine
O(n?) and outputs a routing using fewer thdan — 3 distinct permutations.

Proof. Optimality was shown in Lemma 3.14. Here we analyze the notime and
number of permutations.

We can view the creation of the (super)operators used in th&®lalgorithm as a
hierarchical process, where new operators injthecall are created out of sets of operators
from the(j — 1)th call. We can represent this as a forgsf trees, where the roots of the
trees are the operators in the final recursive call of the M&lgorithm, each node in the
tree corresponds to a (super)operator in the algorithmttadhildren of an operator are
the operators that were combined to create it. If an openatibre jth call is the same as
an operator in a later call, i.e., contains the same origipatators, we only represent that
operator once in this tree (i.e., we collapse chains in whimihes have only one child), so
each internal node has at least two children.

We consider a call to RouteChains to be non-trivial if theuinfp the call consists of
more than one operator.

Claim 1: The amount of time spent in non-trivial calls to RouteChasn3(n? logn).

Each non-trivial call to RouteChains corresponds to that@we of a new operator from
a set of two or more operators. Thus the internal node® obrrespond exactly to the
non-trivial calls to RouteChains. The number of leave¥iis n, and since the internal
nodes of each tree all have at least two children, the nuntiateynal nodes is at most
n — 1. Thus the number of edges ihis at mosn — 2.

If an internal node inZ hasm children, then the corresponding call to RouteChains
is on m operators, and takes tim@(m?logm). If mx denotes the number of chil-
dren of nodeN, then the total time spent running RouteChains is upper dedirby
ZNeN cm?\, log my, for some constant, where\ is the set of internal nodes if.

The total number of children of all the internal nodes is é¢u#e number of edges in
the forestZ. Thus)_ v mn < 2n—2,and hencd_ .\, m% < (2n —2)2. It follows
that)" \ o\ cm3 log my is O(n? log n), which proves the first claim.

Claim 2: The number of permutations used in the output routing is attho— 3.

Consider the recursive construction of the output routimgthe final recursive call of
the algorithm, a routing<* is constructed on the forest of chains. kxtbe the number
of (super) operators in that forest of chains. By TheoremtBd number of permutations
used inK* is at mostn’ — 3.

Routing K'* is passed back through the recursive calls. At each call,lweRoutings
incorporates into it the routing& 4,. If P4, is the number of permutations used/fy,,
then incorporatings 4, increases the number of permutations in the constructethgou
by at mostP,, — 1.

Let x be the set of alK 4, that are incorporated int&™* as it is passed back through the
recursive calls. Thus the total number of permutations urséke final routing is at most
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(4n' —3) + ZKAien(PAT: —1). Note that if K 4, is a trivial routing through one operator,
then the contribution to the sum is 0. Létdenote the set ok 4, that are non-trivial.

EachK 4, € «’ is produced by a non-trivial call to RouteChains. We can #mssociate
eachK 4, with a unique internal nod&' of Z corresponding to the associated new operator
A;. The size of setd; is equal tom, the number of children av. By Theorem 3.1, the
number of permutations i 4, is at mostédmy — 3.

It follows that ", . (Pa, —1) < 4F — 4V, whereL is the number of edges of the
forestZ, andVy is the number of internal nodes &t

The number of leaf nodes if is n. Sincen’ is the number of operators in the final
recursive call, forest consists ofi’ trees. Thusw = n+ Vr —n’ and hencédn’ — 3) +
ZKAEK(PAi —1) < 4n — 3, proving Claim 2.

Since the number of operators decreases by at least onehrreaarsive call of the
MTTC algorithm, the total number of recursive calls is at nes- 1. Outside of the
time spent in CombineChains and non-trivial calls to Rolie@s, it is easy to see that the
amount of time spent in each recursive calDig?).

It remains to bound the time spent running CombineChainsemM@®ombineChains is
called, it is used to combine a routidg/ with routingsK 4,. Since eachi 4, is produced
by a call to RouteChains, it uses at mdat — 3 permutations, where we now definé
to be the number of operators # 4,. Since the routing output by the algorithm uses
O(n) permutations K’ also usesD(n) permutations. It follows that, using appropriate
data structures, each call to CombineChains can be impkeahémrun in timeO(n?).

Thus the total running time of the algorithm@¥n?). O

3.6 Reducing the Number of Permutations used in a Routing

Finally, we present a general algorithm for reducing the benof permutations used in
the routing to at most, together with the justification of its correctness. A ragtiwith
smaller number of permutations would not only be easier tegirate into a traditional
query processor, but would also lead to lower per-tuplefmead. This algorithm uses a
standard technique from linear programming that is usedmverting an optimal solution
to a basic optimal solution (see, e.g., Dantzig and Thap@3p0 The algorithm runs in
polynomial time as long as the initial number of permutagi@polynomial inn. Further,
we note that the algorithm presented below works whetheofiegators are selective or
non-selective, or a mixture of those.

Suppose we have an optimal routing that uses permutatigns. , 7;, wheret > n.
Let a; denote the amount of flow routed along permutatign Our goal is to obtain a
routing that uses at mostpermutations, without reducing the total amount of flow.

Write down then rate constraints, but for each permutationot used in the routing,
set the corresponding flow variable to 0. Add an additioredlsiariables; to each of the
rate constraints to change it from an inequality to an eguafidd the constraing; > 0
for each of the slack variables.

This gives us a new LP with equality constraints, rather thaguality constraints, and
only ¢ flow variables. Here we designate the flow variables;&s rather than ag,’s.
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New LP: Maximize

t
F = ij
j=1
subject to the constraints:
() si + Y5y wig(my i) =ri foralli € {1,...,n}
(2)z; >0forallj e {1,...,t}
(3)s; >0foralli e {1,...,n}

Let z* be the vector of length + n such thatr} = a; forall j € {1,...,t}, and
Ti = T — Z;Zl a;g(mj,i) foralli € {1,...,n}. Since the original routing was
optimal,z* is an optimal solution to this new LP.

Let Az = b be the matrix representation of all the equality constsairfithe above LP.
The matrixA isn x (t + n).

Sincet > n, the firstt columns ofA are not all linearly independent. Let' be the
submatrix of A consisting just of the first columns ofA. Because of the linear depen-
dence, there is &dimensional vectoy such thaty is non-zero, andl’y = 0. Find such a
vector using Gaussian elimination. Add an additionakro entries tg to form a(t 4+ n)-
dimensional vectog*. The vectory* has the property thaEl;.:1 y; = 0. (Otherwise,
since all entries of* are positive, one could add a small multipleysfto 2* in the di-
rection that increaseg;.:1 x; and increase the value &, contradicting the optimality of
r*.) Find thej € {1,...,t} that minimizesr;/|y;|. Leta = z} /y; for that minimizing
j. Let z* denote the vector whose firstomponents are equal i¢ + ay*, and whose
lastn components are equal to 0. By linearity, is an optimal solution of the new LP,
and it sets at least one of thdlow variables to 0. The flow assignment defined by first
entries ofz* gives a new optimal routing to the original problem, usin¢gast one fewer
permutation than the original routing.

The above procedure can be repeated until all columasadrresponding to flow vari-
ables are linearly independent. Thus the number of periontatised can be reducediio
(or fewer).

We included the slack variablagin the above discussion to facilitate the justification of
correctness. However, the are never actually used in constructing and the procedure
can be carried out without introducing them.

Each iteration of the above procedure can be carried outied(n?). Thus to reduce
O(n) permutations to permutations takes tim@(n?).

4. MTTC: NON-SELECTIVE OPERATORS

In this section, we discuss how the previous algorithm feetstructured precedence con-
straints can be extended to handle non-selective operatbish may have selectivities
larger than 1. We define thgeneralizedMTTC problem to be the generalization of the
MTTC problem in which operators may be either selective(p; < 1) or non-selective
(pi > 1).

We divide the non-selective operators into two types. Theise p, = 1 we call pre-
servingoperators, and those wiih > 1 we callexpandingoperators.
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We begin by considering the case in which all operators gramding. We show that the
algorithm presented in the previous section can be diresty to find the optimal solution
in that case. We then develop an optimal algorithm that resnaimixture of selective and
non-selective operators, in the case where the precedesmgle i restricted to be a forest
of chains.

4.1 All Expanding Operators

If all operators are expanding;(> 1), then we construct an equivalent problem with only
selective operators as follows:

—The selectivityp; of an operatoD); is replaced byl /p;.
—All precedence constraints are reversed.

After solving this new problem (which only contains seleetbperators), we reverse
each of the permutations in the resulting routing to obtaiowing for the original prob-
lem. Itis easy to see that, because the solution to the ndvgnds optimal, the resulting
routing is optimal for the original problem.

Note that the precedence graph for the new problem may benaarted tree”. The
approach used in Section 3.5 (wherein we replace forestsaifis by a single chain) can
be extended to handling such precedence graphs.

Define an “inverted fork” to be a node that has more than onerppém the precedence
graph. The MTTC algorithm described in Section 3 can be uselive such instances.
The only difference is that, instead of eliminating forkgtbm-up, we instead eliminate
the “inverted forks” top-down. We call this the MTTC-INV agthm. We can prove an
analogous statement to Theorem 3.2.

THEOREM 4.1. When run on an MTTC instandewhose precedence graph is an in-
verted tree and which contains only selective operatoesMA TC-INV algorithm runs in
time O(n?) and outputs an optimal routing far using fewer tharn — 3 distinct permu-
tations.

Proof: The proof is almost the same as the proof of the analogousdiefor ordinary
trees. The only real difference is in justifying the redaos in rate limits when chains are
made proper.

Consider running the MTTC-INV algorithm on an instanceith precedence graph.
Each time a chain is made proper, it is either done immediatébr to eliminating a fork
(i.e., prior to running CombineChains) or immediately ptio finding a routing on the
chains in the final recursive call.

In either case, the chain that is being made proper can dasishown to consist of
a prefix of composite nodes (possibly empty) produced by af@ombineChains, fol-
lowed by a suffix (possibly empty) consisting of original msdromG. By the analysis
of CombineChains, the chain of composite nodes is alreaolygor Suppose the suffix is
non-empty. We argue that if a rate reduction is performecdherfitst node in the suffix,
then this rate reduction does not reduce the maximum thoutgtitainable (for the under-
lying, original problem instancé). It follows that any rate reductions to the other original
operators in the suffix will not reduce the maximum throughgitainable, since all flow
into these nodes must first pass through the operators afeweih the suffix.

Note first that, from the above, it immediately follows thitate reductions performed
by the algorithm are performed on original nodes; the ratési of new, composite opera-
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tors are never reduced.

Let B4,...,B,, denote the chain of operators in the prefix of the currentrghand
let By, ..., B,, denote the underlying sets of original nodes. Ogt.s; denote the first
operator in the suffix. LelV = U;’;l B;. If the rate limit of Oy, is reduced when the
chain is made proper, then it is re-set to be the product ofdteslimit of 53,,, times its
selectivity. We use the following claim.

Claim: In any feasible routing fof7, the most flow that could ever reacby,; is the
product of the maximum-throughput attainable using justdperators inV, timeso (V).

Recall thatr (V) denotes the product of the selectivities of the operatofé.iffo prove
the claim, consider a modified instance produced by elirmigdahe rate constraints for all
operators irG; other tharOy,.,, and the operators ity (i.e., setting them equal to infinity).
Consider a feasible routing’,,,,..4 for this modified instance that maximizes the total
amount of flow intoO¢,.s;. Because the modified rate constraints are less restritiare
the original constraints, the total amount of flow i@, ;; in K4, 4 is an upper bound
on the maximum amount of flow int®,; that would be attainable under the original
constraints. LeS = {O,«} [JN. In routing K,z 4, if there is a permutation in which
an operator not irt' appears immediately after an operator\Ni) the order of these two
operators can be switched in the permutation without affgahe total amount of flow
into O¢,:, and without violating any rate constraints in the modifiestance. Thus we
may assume without loss of generality that in routiig ... 4, all permutations begin with
operators not irt, followed by the operators iV, followed immediately byO,..;. The
total amount of flow that reaches the operatorgvinover all these permutations, cannot
be more than the maximum amount of flow that could be routemlitin just the operators
in N. Before reachin@y,, this flow is reduced by (V). The claim follows.

By Lemma 3.4 and the description of CombineChains, it carhbeva inductively that
B, is a saturated suffix of an optimal routing through the omesan N (where saturation
is defined with respect to any rate reductions already padron the operators if¥),
and the throughput achieved by this optimal routing (ancchday any optimal routing) is
the rate limit of the composite operat8y, times1/ H?;l o(B;). Itimmediately follows
from the claim that the maximum total flow intds,; in any feasible routing is at most
the rate limit ofB,,, timeso(B,,). Buto(B,,) is the selectivity of3,,,, so this is precisely
the value to whiclOy,..,’s rate limit was re-set. Since total flow in&y,,; cannot exceed
this value, the re-setting does not reduce the maximum ¢imout attainable.

4.2 Mixture of Selective and Non-Selective Operators

If the problem instance contains both selective and noacsieé operators, the problemis
more complex. We present an algorithm for the restricte@ aasvhich the precedence
graph is a forest of chains (which includes the case where e no precedence con-
straints).

The algorithm is based on the following lemma. We defirie be the function which
assigns a value to each operafordepending on whether it is selective, preserving, or
expanding, as follows:(0;) = 1if p; < 1, ¢(O;) = 21if p; = 1, andc(O;) = 3 if p; > 1.

We say that there is a precedence relation betwgeandO; if one of these two operators
is an ancestor of the other in the precedence graph.

LEMMA 4.1. Given an instancd of the generalized MTTC problem containing both
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selective and non-selective operators, there exists aimapsolution K satisfying the
following property: for allO;, O, such thaic(O;) > ¢(O;),

—A) If O; andO; have no precedence relation between them, thedoes not immedi-
ately followO; in any permutation used in the routing.

—(B) If O; is the only child of0;, thenO; immediately follows); in every permutation
used in the routing.

Proof: We first prove that there exists an optimal solutigrwith no violations of(B). We
use that to prove that there exists an optimal solutiowith no violations of(A) or (B).

Part I We prove by contradiction that there exists an optimal $whu&” with no violations
of (B). Let K be an optimal solution to the problem instardcénat minimizes the number
of violations of(B). Suppose there exists a permutationsed in the solution that violates
(B), i.e.,30;, O; such thatc(O;) > ¢(O;), O; is the only child ofO;, but O; does not
immediately followO; in 7.

Note thatO; must appear somewhere aftey in = (sinceO; is the child of0;). Let
O}, ---,0; denote the operators betwe@nandO;. There can be no precedence relation
betweerD), andO; or O, for anyk. This follows fromO; being the only child oD;.

Letp’ = p) x --- x p; denote the combined selectivity of thdsgperators. We replace
the part(O;, 01, - - -, O}, O;) of 7 with:

—O0},---,0},0;,04,if p <1 (i.e., we move); to the right ofO).
—0;,0;,01,---,0y,if p" > 1 (i.e., we move); to the left of O}).

Call the new routingK”’. It is easy to see that the flow into each of the operatorsreithe
decreases or remains constant after this replacemeft;, stll obeys all rate constraints,
and is an optimal routing. Further, we can show tRatdid not introduce any new viola-
tions of(B). Note that a new violation could only occur between two nb@ing operators

in 7 that were no longer neighbors after the replacement. In thectse(D; andO; are

the only such neighbors, b@; is not an only child of0;, since its parent i®;. In the
second, the only such neighbors érgandO’, butO} is not an only child oD;, sinceO;

is the only child ofO;. ThusK’ has one fewer violation dB) than K, which contradicts
the minimality property of<.

Part I1: Let K be an optimal solution to the problem instantevith no violations of
(B). Consider a penalty function that charges a cost for eadhtioo of (A) in K. More
particularly, for each violation ofA) involving operatorg); andO; occurring in a permu-
tation used ink, the penalty function charges a costtpivhereO; is thet" operator
in permutationr. Thus violations occuring later in a permutation incur géarcost than
violations occuring earlier. The value of the penalty fumecton K is the sum of all these
costs.

Assume thafs is such that the value of the penalty function is minimizey dBfinition,

K has no violations ofB). We show by contradiction that it has no violationgAj.
Suppose there exists a permutatioused inK that violates(A), i.e., 30;, O, such
thatc(O;) > ¢(0,), O; immediately followsO; in 7, and there is no precedence relation
betweerD; andO;. Modify = by moving operato©; pastO;, and then past each operator

to its right, one position at a time, until either (1) therenis operator to the right af;,
or (2) the operator to its right has an equal or highealue, or (3) there is a precedence
relation betweerD; and the operator to its right. More formally, le, - - -, O; be the
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longest contiguous subsequencerdieginning at the operator to the right@f, with the
property thatc(O;) is strictly greater than the value efon any of the operators in this
subsequence, and there are no precedence relations b&lvard any of the operators in
this subsequence. (This subsequence may be empty, yéplaceO;, O;, 01 - - -, O; with
0;,041,---,0;,0;. Let K’ denote the new routing.

Because:(0O;) is only moved past operators with strictly lowevalues, the amount of
flow reaching each of the operatorsifi is no more than the amount of flow reaching each
of the operators irk. ThusK” is still an optimal solution of instanck

We now argue thak still has no violations ofB) and that the value of the penalty
function onK” is lower than the value of the penalty function&n This is a contradiction,
which completes the proof.

There are three cases.

Case 1: After moving@); in 7, there is no operator to its right.
In this case, it is clear that there is no new violationBf. Moving O; eliminates the
violation of (A) caused by); andO;, but may introduce one new violation between
and the operator that was the predecessay;,ah . Such a new violation has a lower
cost than the eliminated violation, so the value of the pggriahction is reduced.

Case 2:¢(0;) < ¢(O;,), whereC(O;
0O; in .
Let O” be the predecessor 6, afterO; is moved. Thu®)"” = O; if the subsequence is
non-empty, an@®”’ = O; otherwise. Moving); to the right ofO; could only introduce
a new violation of(B) involving O” andO;, ,. But a violation does not occur since
C(ON) < C(OZ) < C(Ol+1).
As in Case 1, movin@); eliminates the violation ofA) caused by); andO;, and may
cause a new lower-cost violation involvirg;. The only other possible new violation
would have to involve);, but no such violation occurs sinegD”) < ¢(0;) < ¢(O;, ;).
So again, the value of the penalty function is reduced.

) is the operator to the right @; after moving

Case 3:¢(0;) > ¢(0y,,) and there is a precedence relation betw@gandO;  , .
Define O” as in Case 2. Movin@; to the right ofO; could only introduce a new
violation of of (B) involving O” and O, ,. But a violation does not occur since there
can be no precedence relation in this case betweandO_ ,: if there were, it would
imply thatO” andO; were both ancestors 6}, ; in the precedence graph, but had no
precedence relation between them, which is impossibletnatitstructured constraints.
As in Cases 1 and 2, the violation @) caused byD; andO; is eliminated, and there
may be a new lower cost violation involvin@;. There is no new violation involving
O;, since there is a precedence relation betw@gland its new successor. Again, the
penalty function is reduced.

O

4.2.1 Case: Forest of ChainsWe use the above lemma to give an algorithm for selec-
tive and non-selective operators in the case that the peacedyraph is a forest of chains
(which includes the case where there are no precedenceaioisy.

The algorithm reduces the problem to three problems ont®é#schains: one involv-
ing only selective operators, one involving only presegvaperators, and one involving
only expanding operators. Algorithms for the first and thafdhese problems were given
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above. The algorithm for the second is trivial. If an MTTCtarsce has only preserving
operators, then one can simply order the operators in argr ar¢hat obeys the prece-
dence constraints, and seng;,, flow along it, where-,,,;,, is the minimum rate limit of an
operator. This routing is clearly optimal.

The algorithm for forests of chains is as follows. Ledenote a problem instance such
that the precedence graph is a forest of chains (or thereogueaicedence constraints).

e Pre-processing Step: If there is a parent-child pai€);, O;, such that(0O;) > ¢(O;),
then replace the two operators with a new operéaigrwith selectivityp;p; and rate
limit min(r;,r;/p;). From Lemma 4.1 (B), this does not preclude attainment of the
optimal solution.

e Repeat until there are no such pairs. In the resulting pnohig there are no pairs of
operatorg); andO; such that(0;) > ¢(0O,) andO, precede®); in a chain.

e Split the problem into three problems,,;, .., andl;,,, containing the selective,
preserving, and expanding operators respectively. Eadhesle subproblems also
contains the induced precedence constraints.

e From Lemma 4.1, we know that there exists an optimal soluioch that in every
permutation used, the selective operatasi(,,) precede the preserving operators
(€ 1), which precede the expanding operata@d/(,,,).

e Solve the three problems separately to obtain routiigs, K., andK7,,.

e Combine the three routings in a fashion similar to CombingRgs (Section 3.5).
Each resulting permutation will have all operators fréfy before the operators in
I,.., and all operators fronfy, . before all operators fronfy,, .

pre?

The correctness follows from Lemma 4.1.

4.2.2 Case: Arbitrary Tree-Structured Precedence Constrai@sen the above al-
gorithm for forests of chains, a natural approach to soltregproblem for arbitrary tree-
structured precedence constraints is to try and apply theeplure described in Section 3.5
to turn the algorithm for chains into an algorithm for trees.

There is one immediate difficulty that is easily overcomegrggiateChains computes a
guantity whose denominator may be zero when the instanca masture of selective and
non-selective operators. Use of this quantity can be adpidethe expense of additional
computation, by running RouteChains repeatedly on thensheinanating from the fork,
as done in the example in Section 3.5.1. (More efficient fixes#so likely to exist.)

We conjecture that the resulting algorithm returns an ogtiouting; however, we have
been unable to prove this so far.

5. THE MAX-THROUGHPUT PROBLEM AND MINIMIZING TOTAL WORK ON
A SINGLE PROCESSOR

In Section 2, we discussed the problem of finding an optimqusatial filter ordering
for executing a pipelined filter ordering query on a singlegassor, when the goal is
to minimize thetotal work We will call this theclassical selection ordering problem
Abstractly, the inputs to this problem are a listropositive-valued costs;, . . ., ¢,, and
n positive-valued selectivities,, . . ., p,,. Using the notation in Section 3, the problem is
to find the permutatior of the operators that minimizés;_, ¢;g(m, 7).

The classical selection ordering problemiis related to thr-throughput problem through
the dual of the max-throughput LP. Here we use duality to @@general result about the
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complexity of finding exact solutions to the classical sttgcordering problem, and to the
max-throughput problem with selective queries. We show dinaler any class of prece-
dence constraints, these two problems are polynomiallivelgunt.

Our proof relies on the ellipsoid algorithm, which solveeelar programs in polynomial
time [Khachiyan 1979; Bland et al. 1981]. The key requiretérnthe ellipsoid algorithm
is existence of a polynomial-timrseparation oraclevhich, given a specific assignment to
the LP variables, tells us whether the assignment satisfeesdnstraints of the LP, and if
not, returns a constraint that is violated.

Recall that the MTTC problem is the max-throughput probleithygrecedence con-
straints, where the precedence graph is restricted to beestfof rooted trees. More gen-
erally, for any clasg’ of directed graphs, we can define the max-throughput proflim
precedence constraints, where the precedence graphristessto be inC'. We call this
the Max-Throughput{’) problem. We require that the output to the Max-Through@yt(
problem be given explicitly, as a list of permutations retej non-zero flow, together with
the amount of flow assigned to each of those permutations.

The classical selection ordering problem with precedenocstcaints, where the prece-
dence graph is restricted to be frafh is defined in the analogous way. We call this the
Classical-SQ(') problem.

We now prove the following theorem, which formally estabés the polynomial equiv-
alence between max-throughput and classical selecti@riagd

THEOREM 5.1. LetC be a class of directed graphs. There is a polynomial-time-alg
rithm for the Classical-S@{) problem if and only if there is a polynomial-time algorithm
for the Max-Throughput() problem.

Proof. The LP defining the Max-Throughput] problem is the same as the LP givenin
Section 3.1 for the MTTC problem, except thiais in C.

The dual LP is as follows, and defines the dual problem Duat-Maroughput(’). Note
that the inputs to both problems are just this, thep;’s, andG.

Dual-Max-Throughput(C) LP: Givenry,...,r, > 0,p1...,p, > 0, and a precedence
graphG on{Oy,...,0,} from the clasg’, find an assignment to the variablgs for all
i € {1,...,n}, minimizing

n
F=> riy
i=1

subject to the constraints:
Q)X g(m,i)y; > 1forall T € pg(n) and
(2)y; > 0foralli e {1,...,n}.

We first show how a polynomial-time algorithm for the ClaasiSO() problem can
be used to construct a polynomial-time algorithm for the Méwxoughput(') problem.

3Condon et al. [2009] actually presented two algorithms @iviag the max-throughput problem without prece-
dence constraints. One outputs an implicit representatfamrouting that may route positive flow through an
exponential number of different permutations. That alponi does not meet the condition we impose here.
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Suppose we have a polynomial-time algorithm for the formebjem.

Consider the Dual-Max-Throughpatf LP. This LP may contain up te! constraints
(of type 1), and hence it would seem that it cannot be solvesttly using the polynomial-
time LP algorithms. However, this LP can indeed be solveddlymomial-time using
the ellipsoid method, provided we have a polynomial-timgasation oracle for it. We
show how to implement this separation oracle in polynonimaét Given an assignment
y = (y1,.-.,yn), the separation oracle needs to determine whetbbeys the constraints
of the Dual-Max-Throughpu€{) LP. If not, it must return a violated constraint. All con-
straints of type (1) have 1 on the right hand side. It theefarffices to first find the
permutationt* obeying the constraints i¥, such thad """ , g(7*, i)y; is minimized, and
then to check whethe¥_" ; g(7*,i)y; > 1. If so, y is feasible, else we have found a
violated constraint and can return it. If we view eaglas a cost associated with, then
finding 7* is equivalent to solving the Classical-SQ(problem, with costg; and selec-
tivities p;. Since we have assumed we can solve Classicalz3®(polynomial time, this
means we can also solve the dual of the Max-Througlduioblem in polynomial time.

We now show how to use the ability to solve the dual problemetbagsolution to the
original Max-Throughput(’) problem. Using the ellipsoid algorithm, as just described
we first find a solutiory* to the dual LP. During our execution of the ellipsoid algomit,
we keep track of the violated constraints returned by thewi@n of our separation ora-
cle. Let¢’ be the set of permutations corresponding to these violairst@ints. If these
were the only constraints of type (1) in the dual P, would still be optimal (because
our execution of the ellipsoid algorithm could proceed ia same way). It follows that in
the original Max-Throughpu{) problem, we can eliminate all flow variables for permu-
tations not ing’, yielding an LP for the original Max-Throughpdtf problem with only a
polynomial number of variables. This LP can be written dowplieitly and solved using
a polynomial-time LP algorithm.

Conversely, assume there is an algorithm for solving the -Wlasoughput(') prob-
lem in polynomial time that outputs a polynomial-size ragti We use this to solve the
Classical-SQ(') problem. This direction of the proof has three steps:

(1) Proving that a polynomial-time algorithm for solvingetMax-Throughput(’) prob-
lem implies a polynomial-time algorithm for the Dual-Max¥bughput(') problem.

(2) Proving that a polynomial-time algorithm for solvingetual-Max-Throughput{)
problem implies that a separation oracle for the Dual-M&xetighput() LP can be
simulated in polynomial time.

(3) Proving that a polynomial-time simulation of a sepamatoracle for the Dual-Max-
Throughput() LP implies a polynomial-time algorithm for the Classi&D () prob-
lem.

Step (2) follows immediately from a general result whichtesa(essentially) that a
polynomial-time optimization oracle for a set of linear dnelities implies a polynomial-
time separation oracle for that set (Corollary 14.1b in f§ebr 1986]). Note that this is the
reverse of the well-known implication (which we exploitdsbae) that a polynomial-time
separation oracle implies a polynomial-time optimizatioacle.

For Step (1), consider an instan£€ of the Dual-Max-Throughpuf{) problem. Let
I be the associated Max-Throughpuj(instance. The Max-Throughpdt] LP associ-
ated with7 may have degenerate optimal solutions. Using the pertorb&chnique
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of Megiddo and Chandrasekaran [1989], we could remove dagen from this LP by
adding a polynomially small quantity (computable in polynomial time) to the right hand
side of each of the rate constraints; this is equivalent thrayt; to each rate limit;. Call
the modified MaxThroughput() instancel’. We run the algorithm for solving the Max-
Throughput() problem onl’; since the algorithm runs in polynomial-time, the algarmith
outputs a routing using at most a polynomial number of peathts. This routing corre-
sponds to an optimal solutiart for the Max-Throughput{') LP corresponding td’. Let
Az < ' denote the rate constraints of this LP. We assume that thenos of A corre-
sponding to the non-zero entries:of are linearly independent. (If not, the standard linear
programming technique discussed in Section 3.6, for cdimgean optimal solution into
a basic optimal solution, can be used to obtain an optimaitisol with fewer non-zero
entries, such that the corresponding columnsladre linearly independent. This can be
done in time polynomial im.) Let m be the number of non-zero entriesaof.

Since the max-throughput instance is not degenerate, lgxacof its rate constraints
are tight under solutiom*. Let D be them x m submatrix ofA, whose rows correspond
to thosem tight rate constraints, and whose columns correspond todhezero entries
of z*. It follows from complementary slackness and non-degeyataat D is invertible,
and that the unique optimal solution to the dual of the LPIfaran be obtained by finding
them-vectory’ satisfyingD”y’ = 1 (whereI denotes the column vector of 1's) to obtain
values for the variables of the dual corresponding tortht@ght rate constraints, and setting
all other variables of the dual to 0. Further, this soluti®nat only optimal for the dual of
I’, but also for the dual of the origindl

The proof of (3) is essentially a reduction from the decisrersion of a problem to a
search (minimization) version of the problem. Considermatence of the Classical-SOY
problem. The problem is to find the permutatiorof C' that minimizes) """ ; yig(w, 1),
wherey is the given cost vector. The decision version of this protiketo determine, given
a numbetk, whether there exists a permutatioin C such thafy"" , y;g(, ) < k. This
decision problem can easily be solved by using a separatiacieofor the Dual-Max-
Throughput(') LP to determine whether vecter= (1/k)y is feasible, that is, whether
Yo, zig(m,i) > 1 for each permutatiomr in C. For anyr, the value of the asso-
ciated expected cosp,_;", yig(, i) is upper bounded by> ", vi)([1;cn pj), where
N = {jlp; > 1}. For any two permutations;’ and=”, if the expected costs associated
with these two permutations are not equal, then the diffterdretween them is at least
d := [[,cqpj» WhereS = {k[pr < 1}. LetQ be the least multiple of that is greater
than(}"; Yi)(I1;en pj). To find the cost associated with the optimal permutation, it
therefore suffices use the separation oracle to perfornmpsearch on the set of values
{0,d,2d,3d,...,Q},tofind the integey such that the expected cost associated with every
permutation inC' is greater tharjd, but the same is not true ¢f + 1)d. During execution
of this binary search, the separation oracle is queried thigtvecton(1/((j + 1)d))y, and
outputs a violated constraint. From this violated constraive can determine the associ-
ated permutatiorr, which has minimum expected cost. The number of calls matieeto
separation oracle in performing the binary search is patyiabin the number of bits repre-
senting they; andp;. It follows that the running time of the above procedure iypomial
in the size of the Classical-SOJ instance. I

Ibaraki and Kameda [1984] showed that the classical selectidering problem can be
solved in polynomial time in the presence of tree-struatymeecedence constraints. From
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the proof of the above theorem, we thus have an algorithmuises the ellipsoid method
to solve the max-throughput problem in polynomial-timetia presence of tree-structured
precedence constraints. This proves the following conplla

COROLLARY 5.1. There is a polynomial-time algorithm for solving Max-Thgtwpout("),
where(' is the class of directed graphs corresponding to tree-s$tnatl precedence con-
straints.

Since Max-Throughpud{) instances can contain both selective and non-selectige op
ators, the algorithm used to prove the corollary can handleader class of problems than
the algorithms we gave in Sections 3.3 and 4 (which can’t leeaudbitrary tree-structured
constraints when there is a mixture of selective and nogeteke operators). The advan-
tage of those algorithms is that they are combinatorial,raatk efficient.

Ibaraki and Kameda [1984] also showed that the classicatseh ordering problem is
NP-hard in the presence of arbitrary precedence consraiti¢ thus have the following
corollary:

COROLLARY 5.2. When(C' is the class of all directed graphs, Max-Throughjt(s
NP-hard.
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