
Local Methods for Estimating PageRank Values

Yen-Yu Chen Qingqing Gan Torsten Suel

CIS Department
Polytechnic University
Brooklyn, NY 11201fyenyu, qq gang�photon.poly.edu, suel�poly.edu

Categories and Subject DescriptorsH.3.5 [Information Storage and Retrieval℄: Online In-formation Servi
es
General TermsAlgorithms, Performan
e
KeywordsPagerank, sear
h engines, out-of-
ore, external memory al-gorithms, link-based ranking, link database
ABSTRACTThe Google sear
h engine uses a method 
alled PageRank,together with term-based and other ranking te
hniques, toorder sear
h results returned to the user. PageRank useslink analysis to assign a global importan
e s
ore to ea
hweb page. The PageRank s
ores of all the pages are usuallydetermined o�-line in a large-s
ale 
omputation on the en-tire hyperlink graph of the web, and several re
ent studieshave fo
used on improving the eÆ
ien
y of this 
omputa-tion, whi
h may require multiple hours on a workstation.However, in some s
enarios, su
h as online analysis of linkevolution and mining of large web ar
hives su
h as the In-ternet Ar
hive, it may be desirable to qui
kly approximateor update the PageRanks of individual nodes without per-forming a large-s
ale 
omputation on the entire graph. Weaddress this problem by studying several methods for eÆ-
iently estimating the PageRank s
ore of a parti
ular webpage using only a small subgraph of the entire web. In ourmodel, we assume that the graph is a

essible remotely viaa link database (su
h as the AltaVista Conne
tivity Server)or is stored in a relational database that performs lookupson disks to retrieve node and 
onne
tivity information. Weshow that a reasonable estimate of the PageRank value of anode is possible in most 
ases by retrieving only a moderatenumber of nodes in the lo
al neighborhood of the node.
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1. INTRODUCTIONAs the World Wide Web has grown from a few thousandpages ten years ago to several billion pages at present, tradi-tional term-based ranking te
hniques have be
ome in
reas-ingly insuÆ
ient at returning good results. For this reason,a large number of studies have proposed new ranking te
h-niques based on the analysis of the hyperlink stru
ture of theWeb. Probably the two best-known examples of link-basedranking methods are the HITS [18℄ and PageRank [22℄ algo-rithms. The PageRank algorithm, in parti
ular, is used inthe highly su

essful Google sear
h engine.PageRank is based on the idea of assigning a global im-portan
e s
ore, 
alled PageRank value, to ea
h page on theweb based on the number of hyperlinks pointing to the pageand the importan
e of the pages 
ontaining those hyperlinks.PageRank values are usually 
omputed in an o�-line man-ner, during a large-s
ale iterative 
omputation on the entireweb graph. Several re
ent studies [3, 10, 13, 17℄ have lookedat ways to optimize this 
omputation, whi
h may take manyhours on a typi
al workstation for large graphs.However, there are some situations in whi
h a global 
om-putation on the entire graph is impra
ti
al, e.g., if the thelink information of the whole web graph is not easily a

es-sible and we need a qui
k estimation for a parti
ular webpage. In parti
ular, users may have only a

ess to a limitedsubset of the web, or may have to a

ess the graph via a re-mote 
onne
tivity server [5℄ su
h as the link: query fa
ilityin AltaVista, or via a similar interfa
e to a lo
al meta datarepository in a disk-based relational database. For example,we might be interested in the evolution of the PageRank of aparti
ular page tra
ked by the Internet Ar
hive, but 
annota�ord multiple PageRank 
omputations on billions of pages(We note that the Internet Ar
hive does 
urrently not yetprovide the remote Conne
tivity Server fun
tionality thatwould be needed in this 
ase).In this paper, we study lo
al methods for determiningreasonable estimates of the PageRank values of individualnodes. The basi
 approa
h in all our methods is to expand asmall subgraph around the target node and to use this sub-graph as the basis for our estimation. Our goal is to mini-mize the 
ost of our methods, as measured in terms of thesize of the subgraph that is retrieved, while maximizing thea

ura
y of our estimation. We show that on average, a rea-sonable estimate of the PageRank of a node 
an be obtainedby visiting a few dozen to a few hundred nodes. We 
ompareseveral methods, and in the pro
ess also dis
uss the 
orrela-tion between PageRank and simple statisti
al measures su
has weighted and unweighted in-degrees. Our approa
h 
an



also be used to estimate 
urrent PageRank values based onslightly outdated values from an old graph, but under di�er-ent assumptions than the work in [11℄, and we evaluate thisapproa
h as well. Our results assume that the graph is a
-
essible remotely via a link database (su
h as the AltaVistaConne
tivity Server) or is stored in a relational databasethat performs lookups on disks to retrieve node and 
onne
-tivity information, and thus the 
ost of the methods underthis model is proportional to the number of nodes that arevisited.The remainder of the paper is organized as follows. We�rst provide a brief review of the PageRank method. Se
-tion 3 is the main se
tion of this paper, and des
ribes ourlo
al methods for estimating PageRank values and evaluatestheir performan
e on a large subgraph of the web. Se
tion 4dis
usses related work, and �nally Se
tion 5 provides some
on
luding remarks.
2. REVIEW OF PAGERANKIn this se
tion, we review the PageRank te
hnique. Re
allthat the Web 
an be viewed as a dire
ted graph whose nodesare web pages and whose edges are the hyperlinks betweenpages. The in-degree of a node is the number of edges (hy-perlinks) pointing to it, and the out-degree of a node is thenumber of distin
t hyperlinks out of it. We use N to denotethe number of nodes in the graph.The Basi
 Idea: PageRank was proposed in [7, 22℄ asa ranking me
hanism for the Google sear
h engine that as-signs to ea
h page a global importan
e s
ore based on linkanalysis. The basi
 idea is that if page u has a link to pagev, then the author of u is impli
itly saying that page v issomehow important to u. Thus, page u is 
onferring someamount of importan
e onto v, and this amount is determinedby the importan
e of u itself and the number of outlinks inu over whi
h it is divided. This re
ursive de�nition of im-portan
e 
an be des
ribed by the stationary distribution ofa simple random walk over the graph, where we start at anarbitrary node and in ea
h step 
hoose a random outgoingedge from the 
urrent node. (Several papers [8, 6, 24℄ haveproposed heuristi
s for assigning di�erent weights to the out-going edges in a node; we assume ea
h edge is sele
ted withequal probability though our te
hniques 
ould be adjustedto other 
hoi
es.) A

ording to this random walk model, theimportan
e r(p) of a page p is determined as:r(p) =Xq!p r(q)d(q) ; (1)where d(p) is the out-degree of page p. This 
an be rewrittenin matrix form as follows. Let the nodes be labeled from 0to n � 1, and de�ne matrix L by L[i; j℄ = 1=d(i) if thereis a link from node i to node j and 0 otherwise. (Thus, Lis a "degree-s
aled" version of the adja
en
y matrix of thegraph.) Then we obtain ~r = L � ~r;where ~r is the ve
tor of rank values over all pages. This leadsto the following iterative 
omputation for approximating therank ve
tor r over all of the pages on the web. First, initial-ize r(0)(p) to 1=N for all pages p. Then, in ea
h iteration,update the rank ve
tor usingr(i)(p) =Xq!p r(i�1)(q)d(q) ; (2)

for i = 1; 2; : : : ; n, or in matrix form ~r (i) = L � ~r (i�1). We
ontinue the iterations until the rank ve
tor stabilizes towithin some threshold. The �nal ve
tor is then used to in-
uen
e the ranking of the sear
h results returned by Google,though details on this aspe
t are not publi
ly dis
losed.Some Te
hni
al Issues: The above formulation assumesthat ea
h node has at least one outgoing edge. However, thisis not true for web 
rawls or even the entire web, as there aremany pages with out-degree zero (
alled leaks). Su
h pageswould result in a loss of total rank value from the system.One solution is to prune the graph, by iteratively removingany leak nodes in G.Even after 
omplete pruning, the graph is still not strongly
onne
ted. There will be many smaller and even a few largergroups of pages that form separate strongly 
onne
ted 
om-ponents, maybe with links entering the 
omponent but nolinks leaving it, that 
an a
t as rank sinks that \trap" largeamounts of rank value. This 
an be dealt with by addinga dampening fa
tor �, 0 < � < 1, to the random walk asfollows: in ea
h step, we 
hoose a random outgoing link withprobability �, and jump to a random node in the graph withprobability 1� �. Thus we haver(i)(p) = 1� �N + � �Xq!p r(i�1)(q)d(q) : (3)In the matrix formulation, we de�ne a new matrix L0 withL0[i; j℄ = �=d(i) if there is a link from node i to node j and(1 � �)=N otherwise, and then use L0 instead of L. In ourexperiments, we use � = 0:85.Weighted In-Degree: One simplisti
 explanations ofPageRank would be of the form "very similar to in-degree,ex
ept it matters where the pointers 
ome from". Thiswould suggest that the PageRank value of a node might bestrongly 
orrelated with its in-degree (whi
h had been previ-ously proposed as a ranking fun
tion [19℄). It was observedin [23℄ that this is in fa
t not the 
ase. One obvious reasonis that the amount of PageRank sent a
ross an edge dependson the out-degree of the sending node. This motivates us tode�ne the weighted in-degree of a node p as:wd(p) =Xq!p 1d(q) ;where d(q) is the outdegree of page q. A natural question isto what degree PageRank is related to weighted in-degree,and we will run into this question later on.
3. ALGORITHMS AND EXPERIMENTAL

RESULTSWe start by des
ribing the main idea underlying the meth-ods that we propose. After introdu
ing our experimentalsetup, we then des
ribe and evaluate our methods one afterthe other.
3.1 The General IdeaIn our problem setup, we assume that we have a fet
h op-eration that allows us, given a URL or page ID, to retrievethe in-degree and out-degree of the 
orresponding page plusthe sour
es and destinations of in
oming and outgoing links,respe
tively. Our 
ost measure is the number of fet
h oper-ations performed. (In the 
ase where there are many in
om-ing links, our best methods a
tually do not require informa-



tion about all sour
es of links.) All our methods follow thesame simple approa
h based on three phases:(1) Expansion: We build a subgraph starting from thetarget node for whi
h we are interested in estimatingthe PageRank value, by expanding ba
kwards from thetarget node following reverse hyperlinks. We stop thisexpansion phase after a while based on some 
riterion.The 
ost of this phase is equal to the size of the sub-graph we build. An example of a subgraph is shownin Figure 1, with a target node on the right, three in-ternal nodes, and �ve boundary nodes on the left side.(2) Estimation: We use a heuristi
 to estimate the PageR-ank of ea
h boundary node, or the PageRank 
owinginto the boundary node from the rest of the graph.The simplest heuristi
 is to estimate it as the averagePageRank value in the graph, 1=N . This phase doesnot involve any fet
h operations.(3) Iteration: We run the standard iterative algorithmfor PageRank on the subgraph, in ea
h step puttingour estimated value into the boundary nodes, addingthe random jump value of 0:15 to the internal nodes,and removing any 
ow leaving the subgraph. Aftersome iterations, we use the PageRank in the targetnode as our estimate. This phase also does not involveany fet
h operations.

Figure 1: An expanded subgraph in our approa
h.Figure 1 shows a subgraph with target node, internalnodes, and boundary nodes. Similar to [11℄, we 
an look atthe rest of the graph as being abstra
ted into one supernode.There are three types of edges in our graph, in
oming edgesthat 
ome from outside the subgraph into a boundary node,internal edges within the subgraph, and outgoing edges leav-ing the subgraph. In addition, there is a known amount ofvalue 
oming into ea
h node via the random jump. The es-timation error of our method will depend on how a

uratelywe estimate the PageRank values of the boundary nodes,whi
h itself depends on how mu
h rank value enters overthe in
oming edges, and on the size of the subgraph sin
ewe hope that errors will largely 
an
el out given a suÆ
ientnumber of boundary nodes.
3.2 Experimental Setup

Our algorithms were 
oded in Perl, with some subrou-tines in C for CPU-intensive 
omputations. We used twoweb graphs of about 120 million pages 
rawled by us dur-ing O
tober 2002 and May 2001. (The old graph was onlyused in one of the experiments.) Following Haveliwala [13℄,we pruned the graph twi
e by removing leak nodes; this re-sulted in a highly 
onne
ted graph with 51; 181; 520 nodesand 783; 407; 543 links, for an average out-degree of 14:5 inthe new graph. We then stored the link information for thegraph in a Berkeley DB database whi
h required about 20GB storage spa
e. This provides an adja
en
y-list type in-terfa
e to the graph similar to 
onne
tivity servers [5℄ andsear
h engines with support for link: queries, or relationalweb meta data repositories, with ea
h fet
h operation requir-ing a disk a

ess. To measure the a

ura
y of our estima-tions, we also performed the global PageRank 
omputationon the entire graph. We report our experimental results fora set S of 100 randomly 
hosen target nodes.Two measurements are used to identify the a

ura
y ofour methods. One is relative error e(t) of a target nodet, de�ned as e(t) = jr0 (t)� r(t)j=r(t), where r0(t) and r(t)are the estimated and pre
ise PageRank values, respe
tively.The other one is 
alled pre
ision, de�ned as p(t) = r0(t)=r(t).Thus, pre
ision tells us whether we tend to over- or under-estimate the 
orre
t result. We typi
ally plot our results interms of the average relative error and standard deviation,and also show s
atter plots for pre
ision.
3.3 A Naive MethodIn this method, we build the subgraph by simply expand-ing from the target node ba
kwards for a �xed number oflevels k, i.e., we in
lude all nodes from whi
h the target 
anbe rea
hed in at most k steps. We then estimate the PageR-ank of ea
h boundary node as 1=N , the average value inthe graph. The results are shown in Figure 2, whi
h showsthe average error and 
ost per target node. Figure 3 givesa s
atter plot of the pre
ision and 
ost values for 6 levels.As we see, we eventually get average relative errors slightlybelow 10%, though at a high 
ost. For example, with threelevels, we obtain an average relative error of 10:07% at anaverage 
ost of 2520 fet
h operations per estimation.

Figure 2: Error versus 
ost for di�erent numbers oflevels in the naive method.



Figure 3: Pre
ision versus 
ost for six levels in thenaive method.We note that the size of the subgraph explodes to about250; 000 nodes after six levels, but even at that size errorsare 7:5%. In the following, we look at smarter te
hniquesthat do not expand the graph in a brute-for
e manner.
3.4 The Simple Influence MethodConsidering the boundary nodes of the subgraph, we 
anask about the impa
t that ea
h boundary node has on theestimation at the target node. It should be obvious that forsome nodes, the impa
t is low sin
e most of the PageRankvalue entering the node will never arrive at the target node,while others will have more impa
t sin
e most paths fromthis node go to the target node. We formally de�ne the in-
uen
e Ip of a node p as the fra
tion of PageRank value atthis node that will eventually arrive at the target node with-out performing a random jump in between. We note thatin
uen
e is related to the inverse distan
e measure de�nedby Jeh and Widom in [16℄. The overall impa
t that a nodehas on the estimation error at the target depends on its in-
uen
e and the absolute PageRank estimation error at thenode (whi
h we do not know). Formally, the absolute esti-mation error at the target is upper-bounded by the sum overall boundary nodes of the produ
t of the absolute amountsof these two terms, though for large numbers of boundarynodes we expe
t errors with di�erent signs to largely 
an
elea
h other out.A pre
ise 
omputation of the in
uen
e Ip of a node p ontarget node t is quite expensive, and thus we approximatethis value as follows. We pla
e one unit of rank value ontop, and then simulate PageRank for a while until most of therank value has either left the subgraph (in
luding randomjumps) or arrived at the target. In parti
ular, we adopt theOPIC approa
h re
ently proposed by Abiteboul et al. in [1℄for this problem. In this approa
h, we sele
t a node 
ur-rently 
ontaining some rank value, and �re it, resulting inits rank value being pushed out of the node to other nodes.We remove any rank arriving at the target, leaving the sub-graph, or taking a random jump, and terminate this pro
esswhen the amount of rank still in the subgraph has de
reasedbelow some threshold. We then estimate the in
uen
e by thetotal amount of value that has arrived at the target. Thepro
ess 
an be made more eÆ
ient by �ring in ea
h step the

node that 
ontains the most rank value (based on a heapstru
ture), and thus after O(s log�(�)) �rings the in
uen
evalue 
an be estimated within an additive term �, where sis the size of the subgraph.

Figure 4: Error versus 
ost for simple in
uen
emethod.

Figure 5: Pre
ision at threshold 0:0001 versus 
ostfor simple in
uen
e method.In our se
ond method, we attempt to improve eÆ
ien
y bysele
tively expanding the subgraph only at boundary nodesthat have in
uen
e above some threshold 
. In the followingexperiment, we set 
 to 0.1, 0.05, 0.01, 0.005, 0.001, 0.0005,and 0.0001. Figure 4 shows results for the various thresh-olds. When a large threshold is used, only few nodes areexpanded, but the error is very high. With a threshold of0:005 we get an average relative error around 10% with a
ost of 1000, whi
h is mu
h better than before. However,the standard deviation is still signi�
antly higher than theaverage error due to a few estimates that are way o�.
3.5 The Indegree-Based Influence MethodThe in
uen
e test provides useful information for 
hoosingwhen to stop expanding. However, some nodes with large



in-degree 
an 
reate problems. If their in
uen
e is above thethreshold, then expanding them would be very expensive aswe have to fet
h all nodes pointing to them. Not expand-ing them and just estimating their value as 1=N is also aproblem, potentially even if their in
uen
e is low, sin
e su
hnodes typi
ally have a large absolute PageRank. The im-pa
t of su
h a node on the estimation at the target is givenby the produ
t of its in
uen
e and its (in this 
ase large)absolute estimation error.Thus, we need to re�ne our approa
h. In parti
ular, weuse the following rule: If the in
uen
e of a node dividedby its in-degree is greater than the threshold 
, we expandthe node by fet
hing its prede
essors; otherwise, we stop.This solves the �rst of the above issues. To solve the se
ondissue, we experiment with better heuristi
s for estimatingthe PageRank of the boundary nodes. We 
ompared thefollowing approa
hes:(a) estimate the PageRank as 1=N as before.(b) estimate the PageRank by assuming that ea
h edgefrom outside the subgraph into the boundary nodetransmits a PageRank value of �=E, where E is thetotal number of hyperlinks in the graph. Rank valuesdue to random in
oming jumps and from other nodesin the subgraph 
an be dire
tly 
omputed and do notneed to be estimated.(
) estimate the PageRank using the weighted in-degreede�ned in Se
tion 2. We note that this would assumethat this measure is pre
omputed and stored in thedatabase, whi
h may not be realisti
.

Figure 6: Average relative error versus 
ost for in-degree based in
uen
e methods.In Figure 6 we show the 
ost of the method and the aver-age relative errors for all three estimation approa
hes (the
ost stays the same), for various thresholds 
. Also, Figure 8
ompares the naive and simple in
uen
e methods from theprevious subse
tions to the method (b) above in terms ofthe error/
ost tradeo�. We see from Figure 6 that usingthe number of links together with the in
uen
e to de
idewhether to expand de
reases the 
ost for a given thresh-old value 
 
ompared to the simple in
uen
e method, andthat methods (b) and (
) perform mu
h better than (a) interms of error. Also, we see from Figure 8 that (b) a
hieves

Figure 7: Standard deviation versus 
ost for in-degree based in
uen
e methods.an overall better error/
ost tradeo� than our earlier ap-proa
hes, while Figure 7 shows improvements in the stan-dard deviation due to fewer outliers.

Figure 8: Comparison of error/
ost tradeo�s forthree methods from Subse
tions 3.3, 3.4, and 3.5.Con
erning absolute numbers, using method (b) we getan average relative error below 8% with an average 
ost of118 fet
h operations. We note that the 
ost of the in
u-en
e 
omputations and of the PageRank iterations in thethird phase are insigni�
ant, and thus the number of fet
hesprovides a reasonable model.
3.6 Estimating Updated PageRank ValuesTo 
he
k the 
orre
tness of our 
ode, we also ran an exper-iment where we estimated the boundary nodes using theirexa
t PageRank values, to see if we would also obtain theexa
t value at the target node (we did). This test raisedthe following question for us: Suppose we have outdatedPageRank values of some or all nodes available from a pre-vious 
rawl, and we want to estimate the 
urrent value, 
anwe do better by following our approa
h and estimating the



rank values of the boundary nodes using the old values? Totest this hypothesis, we used two di�erent 
rawls that weperformed about 15 months apart using the Polybot web
rawler [25℄ on the same set of start pages and 
rawl poli-
ies. Thus, both 
rawls have 120 million pages before prun-ing, and about 50 million afterwards. The two snapshotshave about 13.6 million pages and one million sites in 
om-mon. We now brie
y dis
uss the observed 
hanges betweenthe two graphs.

Figure 9: Observed 
hanges in PageRank betweenold and new web graph (page level).

Figure 10: Observed 
hanges in PageRank betweenold and new web graph (site level).In Figure 9, we show how many of the pages ranked in thetop N in the new graph were present in the old graph (totalheight of 
olumn) and how many were also ranked in the topN in the old graph (shaded part of 
olumn), for values of Nfrom 100 to the total number of nodes. In Figure 10, we showresults for a site-level view, where ea
h site is representedby its highest-ranked URL (with PageRank 
omputed on apage-level graph as before). We see 
learly that pages thatare highly ranked in the new graph were also likely to haveexisted and been 
rawled in the old graph, and in fa
t often

were already ranked high in the old graph. This tenden
y iseven stronger at the site level sin
e in some 
ases sites movetheir most highly ranked page to a di�erent URL. We notethat a

ording to [20℄, a breadth-�rst 
rawl of suÆ
ientlylarge size is likely to visit most pages with large PageRank.We also refer to [4℄ for additional dis
ussion of PageRank inthe 
ontext of web evolution.Now we look at what happens if we dire
tly plug oldPageRank values into boundary nodes instead of approxi-mating them with our other te
hniques. For those nodeswhere no old PageRank values are available, we use ap-proa
h (b) in Subse
tion 3.5, i.e., estimation by in-degree.Figures 11 and 12 show the results for this method. The
ost is the same as in Subse
tion 3.5, but the average erroris slightly worse.

Figure 11: Error versus 
ost when using old PageR-ank values.

Figure 12: Pre
ision versus 
ost when using oldPageRank values.There seem to be two problems with this approa
h. First,the old graph is quite old at 15 months and this limits thequality of the results. Se
ond, on 
loser examination we�nd that many of the nodes with high PageRank, whi
husually already existed in the old graph, have signi�
antly



in
reased their in-degree and PageRank value. On the otherhand, some nodes have lost signi�
ant numbers of in
om-ing links. Thus, if su
h nodes are boundary nodes in ourexpanded web graph, whi
h is quite 
ommon due to ourpruning 
ondition involving in-degree, this 
ould result insigni�
ant estimation errors.This problem 
ould be addressed by trying to 
orre
t theold PageRank value for 
hanges in in-degree, and we exper-imented with two ideas. If dnew and dold are the new andold in-degrees of some boundary node, respe
tively, thenwe 
ould estimate the new PageRank rnew of su
h a node asdnewdold �(rold�(1��))+(1��), i.e., by normalizing the PageR-ank due to in
oming edges by the 
hange in the number ofedges. Alternatively, we 
ould add or substra
t �=E, the av-erage 
ow over an edge in the graph, from the old PageRankfor ea
h 
hange in degree, i.e., rnew = rold+(dnew�dold)� �E .We refer to these 
orre
tion rules as Rule1 and Rule2, re-spe
tively. A third rule, Rule3, uses the �rst approa
h whenthe new degree is smaller than the old degree, and the se
-ond approa
h otherwise; the intuition behind this is thatdeletions are at random from the 
urrent in
oming edges,while new in
oming edges are from random nodes in thegraph. (This approa
h 
an be further re�ned if we know allthe URLs or IDs of the old and new in
oming links.)

Figure 13: Error versus 
ost when using 
orre
tionmethods in 
ombination with old PageRank values.In Figure 13 we show the results, for the basi
 approa
hof using the raw old PageRank value and the three 
orre
-tion rules. We see that Rule1 does worse for high thresh-olds but later does slightly better than the basi
 method.The other two rules 
onsistently, though only slightly, out-perform the basi
 method, with Rule3 performing best anda
hieving about 5:85% error in the best 
ase. Thus, someimprovements are possible but we are limited by the age ofthe graph.
3.7 Correlations between PageRank and In-

Degree MeasuresIn one of our two best methods, we used the in-degree ofthe boundary nodes to estimate their PageRank, by multi-plying the in-degree by the average edge 
ow in the entiregraph. In the other one, we used the weighted in-degreewith slightly better results. It was observed in [23℄ that the

in-degree is in fa
t not strongly 
orrelated to the PageRankvalue (although there is a slight 
orrelation that makes itat least better than estimating the value by 1=N for ourpurposes). On the other hand, the weighted in-degree mea-sure was not studied in [23℄. This leads us to look at the
orrelation between iterated versions of the weighted andunweighted in-degree, shown in Table 3.1 below. We seethat while there is some 
orrelation with in-degree (I), notsurprisingly this 
orrelation largely disappears for two-level(I-I) and three-level (I-I-I) iterated in-degree. On the otherhand, for weighted in-degree (WI), the 
orrelation is mu
hhigher and in
reases with more levels (WI-WI and WI-WI-WI) to 
lose to 1. Of 
ourse, 
omputing the weighted in-degree over several levels is really similar (but not identi-
al) to expanding a subgraph by several levels (our naivemethod) and thus not really a more eÆ
ient alternative toour methods. For 
omparison, the 
orrelation between newand old PageRank values for those nodes that exist in bothgraphs is 0:609. I I-I I-I-I
orrelation 
oeÆ
ient 0.37665 0.031919 0.003822WI WI-WI WI-WI-WI
orrelation 
oeÆ
ient 0.5305 0.67166 0.948538Table 3.1: Correlations of in-degree (upper part)and weighted in-degree (lower part) based measuresto PageRank.
3.8 Discussion of the Remaining ErrorBy optimizing our te
hniques step by step, we were able toobtain average errors below 5% with a few thousand fet
hes.We noti
ed that most of the target nodes have very small er-rors, while a few others have fairly large errors. Re
all thatin all our methods, if we put the 
orre
t PageRank value intothe boundary nodes, we get the 
orre
t PageRank value atthe target node. Thus, the error at the target node 
omesfrom over- or underestimation of the PageRanks of bound-ary nodes. More pre
isely, the in
uen
e of a boundary nodemultiplied by the estimation error at the boundary node giveus an upper bound on the impa
t on the target node estima-tion, though over- and underestimates at di�erent boundarynodes may 
an
el ea
h other out. In parti
ular, we havejerr(t)j �Xb2B jerr(b)j � inf(b);where err(t) is the error at the target node, B is the set ofboundary nodes, and inf(b) is the in
uen
e of a boundarynode b.In our measurements, we found that boundary nodes withlarge in
uen
e, whi
h due to our expansion 
riteria musthave large in-degrees, also tend to have large absolute es-timation errors under our various heuristi
s. Thus, theseboundary nodes tend to limit the pre
ision that we 
ana
hieve with our approa
h. One solution would of 
ourse beto expand ba
kwards one more level from su
h a boundarynode, but this would in
rease the 
ost signi�
antly. Anotherapproa
h would be try to better approximate the PageRankof su
h a boundary node by sele
tively sampling and ex-panding to some of the nodes outside the subgraph thathave links to the boundary nodes. This would work if a lotof the in
oming edges 
arry above or below average amounts



of PageRank, maybe due to 
ertain 
hara
teristi
s of a par-ti
ular region of the web. However, this approa
h would notwork if the estimation error at the boundary node is due toa small number of in
oming links that 
ome from nodes withvery high PageRank and that thus 
arry a mu
h larger thanaverage amount of PageRank. (Formally, sampling 
annotreliably estimate the sum or average of a large set of valuesif that sum is dominated by a few very large values.) Thus,while su
h sele
tive expansion might help in improving thepre
ision/
ost trade-o� in some 
ases, it seems that in other
ases we still need to expand a very substantial subgraph inorder to reliably and pre
isely estimate the PageRank of thetarget node.
4. DISCUSSION OF RELATED WORKLink analysis te
hniques are playing an in
reasingly im-portant role in web sear
h engines, and a large number ofte
hniques have been proposed. The two best known ap-proa
hes probably are PageRank, proposed in [7℄ and usedby Google, and the HITS method proposed by Kleinberg[18℄. A number of extensions of these approa
hes were sub-sequently des
ribed; see, e.g., [14, 24, 8, 16, 21℄. We refer to[2, 9℄ for an overview of link ranking te
hniques. There isalso a lot of re
ent interest in eÆ
ient graph 
omputations inthe database 
ommunity, for s
enarios su
h as graph datamining and pro
essing of ranked queries in database sys-tems, where large graph data is often stored on disk in aformat similar to our approa
h.Re
ent work by Chien et al. [11℄ studies the problem ofmaintaining the results of a PageRank 
omputations under
hanges in the graph stru
ture. Their te
hnique is similarto ours in that they also expand a small subgraph arounda point of interest, in this 
ase a 
hange to a link or nodein this graph, and 
ollapse the rest of the graph into onelarge supernode. Then resulting 
hanges in the PageRankvalues are propagated only within this graph. An importantdi�eren
e is that in [11℄ the graph is expanded by followingforward links from the point of interest, while we expandba
kwards until some appropriate stopping 
riterion is met.As dis
ussed, our approa
h 
an also be used to estimateupdated from outdated PageRank values, but in 
ontrast to[11℄ no knowledge of the pre
ise 
hanges in the web graphis required.Sin
e the early days of sear
h engines, 
ounting the in-degree of a node to estimate the page importan
e has beenused as a form of link-based ranking [19℄, and there is awealth of resear
h that studies the in-degree properties ofthe web graph. Simply 
ounting the in-degree of a nodeen
ourages spamming and is thus not 
onsidered a goodranking method. However, it is interesting to try to relatein-degree to PageRank and more advan
ed methods. In this
ontext, Pandurangan, Raghavan, and Upfal [23℄ studiedthe relationship between PageRank and in-degree and dis-
uss random graph models for 
apturing the PageRank, in-degree, and out-degree distributions in the real Web. Theirresults showed that there is only very weak 
orrelation be-tween PageRank values and node degrees, whi
h is relevantto our problem of estimating PageRanks of boundary nodesdis
ussed in Se
tion 3.The notion of the in
uen
e between two nodes also playsa role in the work on Personalized Pagerank by Jeh andWidom [16℄, whi
h studies the eÆ
ient 
omputation of per-sonalized PageRank values based on a 
ombination of pre-
omputation and online 
omputation on small subgraphs.

In our 
omputation of the in
uen
e, we adapt a te
hniqueproposed by Abiteboul, Preda, and Cobena [1℄ for the pur-pose of approximating rank values during a 
rawl. Finally,we note that PageRank estimation during a 
rawl based onthe already 
rawled part of the web is also performed in [15,12℄. However, these methods do not attempt to optimizethe pre
ision of their estimates by expanding a subgraph ina 
ontrolled fashion, but instead simply use the availablesubgraph.
5. CONCLUSIONS AND FUTURE WORKIn this paper, we have des
ribed and evaluated severalheuristi
 algorithms for estimating PageRank values of in-dividual pages without a global 
omputation over the entiregraph. As we have shown, a reasonable estimate of the valueis possible in a few se
onds on a typi
al workstation basedon maybe a few hundred disk or remote server a

esses toretrieve an appropriate subgraph. On the other hand, evena larger amount of work does not result in a truly reliableestimate due to the stru
ture of the graph and in parti
ulardue to the diÆ
ulty of dealing with boundary nodes withlarge PageRank that 
an have a large impa
t on the targetnode. For future work, it would be ni
e to evaluate the pro-posed methods under a formal web graph model. We arealso interested in applying the methods to the analysis oflarge ar
hives of web data with multiple versions of pagesand an evolving link stru
ture.We are 
urrently performing a more detailed 
omparisonof the stru
ture of our two large web graphs and plan toreport these results in the �nal version of this paper. Weare also evaluating how our estimation methods fare whenwe are only interested in the relative ordering of the PageR-ank values of the di�erent pages, rather than the absolutePageRank values.
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