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Abstract

We proposea multiclass uid model for BitT orrent-lik e content distribution systems. The
new model can model heterogeneougpeers,in which peershave di erent accesshandwidths.
The model can also model BitT orrent-lik e systemswhich provide di erential service (for
example, rst classand secondclassservice) to the participating peers. The uid model
leadsto a non-linear system of di erential equationswith special structure. For the service
di erentiation problem, we prove that the system of di erential equationsadmits a unique
stable equilibrium, that we compute in closed-form. We also give the average download
times for both classes. For the bandwidth diversity problem, we show that the system of
di erential equationshas a stable state that may depend on the initial conditions. We give
the averagedownload time of both classesfor ead reachable steady-state.

Keyw ords: P2P networks, uid models, servicedi eren tiation

1 Intro duction

In a traditional client-server content distribution system, such as distribution from an or-
dinary Web sener, a large number of clients download content from a single sener. If the

single sener cannot keepup with the demand from all the clients, the load can potentially
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be handled by replacing the sener with a sener farm and increasingthe accessbandwidth
from the sener farm. Although it is possiblein theory to match any demandwith a su cien t
number of servers and su cien tly wide accessipes,the cost can easily becomeprohibitiv e.

BitT orrent is a content-distribution boosterwhich enablesa content provider to distribute
popular cortent to large number of clients without the need of large sener farms and ex-
pensiwe high-speed Internet connections. The idea in essencds to split the le into small
chunks, distribute di erent chunksto di erent downloading peers,and then havethe di erent
downloading peersobtain their missing chunks from ead other. In this manner, the clients
becomeseners, contributing bandwidth to the content-distribution system. This approac
has proved to be a highly successfulmecanism to distribute popular content at low cost.
In BitT orrent terminology, the senersthat make available the ertire le are called \seeds".
The clients that are collecting and sharing chunks are called \leechers". Once a leeter has
downloadedthe ertire le, it becomesa seedfor aslong asit continuesto distribute chunks
to other clients. The BitT orrent protocol includes a \tit-for-tat* medanism to ensurethat
leeders not only download cortent but alsoupload cortent [1]. BitT orrent is a peer-to-peer
system sinceclients (peers)upload chunks directly to eat other.

Qiu and Srikant [7] deweloped a tractable uid model for BitT orrent-lik e content distribu-
tion systems. The model shedsinsight on throughput, averagedownload times, and stability
of BitT orrent-lik e systems. Although the model is elegart and tractable, it haslimited appli-
cability. First, the model assumeghat all peersare homogeneouswith all peershaving the
sameupload and download capacity. In actuality, peershave diversebandwidth characteris-
tics, including dial-up modem accessproadband accesg(cable and ADSL), and high-speed
Ethernet access.Second,the model doesnot allow for the exploration of distribution systems
that provide application-layer di erentiated services. Indeed, it is natural to conceiwe of a
BitT orrent-lik e systemin which there are, say, rst-class peersand second-clasgpeers. The
rst-class peerspay more (in somesense)and should receive better service{ that is, shorter
averagedownload times { than the second-clasgeers. This is a form of \application-la yer
di eren tiated-service" asthe servicedi eren tiation would be provided by the BitT orrent-lik e
application rather than by the coreof the Internet. Intuitiv ely, BitT orrent-lik e systemscould

provide di erentiated serviceby having the seedsand leeders allocate more of their upload



bandwidth to rst-class peers.

In this paper we proposea multiclass uid model for BitT orrent-lik e content distribution
systems. The new uid model can model both heterogeneouspeer accessand multiple
di erentiated service classes. Our multiclass uid model results in a system of di eren tial
equations which generalizethe single-classequation in [7]. The equations are signi cantly
more complex and dicult to resolwe, as they explicitly distinguish between the various
classes. The system of di erential equations are so-called\linear switched systems" which
are nonlinear di erential equations with special structure. Nevertheless, for a number of
important special caseswe explicitly resolve the equations, obtaining closed-formsolutions
for averagedownload times for ead of the classes.

In particular, we considerthe special casewhere downloaders leave the systemimmedi-
ately after completing their download. This is a worst-case scenario since altruistic seeds
could instead stay in the system when they have completed their download, contributing
bandwidth and providing any missing chunk to other peers. For the servicedi eren tiation
problem we prove that the system of di erential equations governing the system dynamics
admits a unigue stable equilibrium, that we compute in closed-form. From this result, we
nd the averagedownload time for eat classof peersand show how this result canbe usedto
achieve servicedi eren tiation amongthe peers. We also indicate to what extent our results
remain valid when seedsstay in the systemfor a non-negligible amourt of time.

In the secondpart of the paper, we addressthe bandwidth diversity problem. We show
that the system of di erential has a stable stationary state that may depend on the initial
conditions. We identify all stationary solutions and compute the average download time
assaiated with ead solution. Last, we minimize the maximum average download time of
both classesregardlessof the initial conditions.

The paper is organized as follows. In Section 2 we intro duce the multiclass model and
derive the equationsgoverning the systemdynamics. Section 3 and Section4 provide results
for the servicedi eren tiation problem and bandwidth diversity problem, respectively. Section

5 concludesthe paper.



2 Multiclass Mo del

In this paper we considera BitT orrent-lik e systemwith two classef peers,with the classes
denotedby i = 1 andi = 2. All the peersin both classeswant to obtain the single le F.
Without loss of generality, we take the le sizeto be equalto 1. Each classhas seedsand
downloaders (leechers). Seedshave all of the le, whereasdownloaders have only portions
of the le. When a downloader obtains the whole le, it immediately becomesa seed. Let
yi (t) and x; (t) denotethe number of seedsand downloaders, respectively, for classi peersat
time t. In this paper, we are particularly interested in the steady-state behavior of y; and

Xi, 1 = 1;2. We needto alsode ne the following:

Let ; be the rate at which new classt downloaders arrive. Whenewer a new classt

downloader arrives, then X; is incremerted by 1.
Let ; bethe upload bandwidth of a peerfrom classi.

Let ¢ be the download bandwidth of a peer from classi. We make the realistic
assumptionthat c; i» Which is consistert with the contemporary accesgechnologies.
Whenewer a classi peerhasfully downloadedthe le, x; is decremened by 1 andy; is

incremerted by 1.

As in [7], we allow downloadersto abort downloading before fully obtaining the le.
Let ; bethe rate at which classt downloadersabort. Whenewer a classi downloader

aborts, x; is decremerted by 1.

Let ; denotethe rate at which classti seeddeave the system. Whenewer a classi seed

leavesthe system,y; is decremened by 1.

Let ; 2 (0;1) denotethe e ciency of classi downloaders,which is the averageamourt
of a downloader's upload bandwidth that is being usedfor content distribution. This

parameter was rst introducedin [7] in the single-classcase.

We now discussthe resourceallocation policy. A peer (seedor downloader) will upload
chunks to multiple peerssimultaneously. The aggregaterate at which a classt seedpeer
uploadsis ;; the aggregaterate at which a classt downloader peeruploadsis ; . A peer

will allocate its upload rate betweenthe two classeof peers. For a classt peer,let (x1;X2)



(resp. 1 (X1;x2)) bethe fraction of its upload rate that is allocated to classt peers,that
is, to peersin its own class(resp. to peersin the other class) when there are x; class-1
downloaderspresert and x, class-2downloaderspresen. Thus, (X1;X2) liesbetween0 and
1. Wereferto ( 1(X1;X2); 2(X1;X2)) asa dynamic allo cation policy .

In this paper we limit our attention to static allo cation policies, namely, policies of
the form (x1;x2) =  for all x; and x, for i = 1;2. We will considerdynamic policiesin
a future work.

Our model of the two-classmulticlass P2P network is now complete. Figure 1 summarizes

the states and rates in the system.

Figure 1: General model for a two-classP2P le dissemination system.

We now dewelop a system of dierential equations for the uid-v ersion of the above
multiclass model.

At time t, the total upload rate provided by classi peersto peersofclassiis ; i( iXi(t)+
yi (1)) andto peersof the other classis (1 i) i( ixj(t)+ yi(t)). Therefore,the total upload
rate provided by classt peersis ( ixj(t) + yi(t)). Let k=3 | designatethe other class.
The total download rate provided to peersof classi cannot exceedc;x;(t) sothat the total
ow rate out of state x;(t) is min(cixi(t); i i( iXi(O)+yi()+ @ k) «( kXk(t)+ yx(t))),
to which we must add ;x;(t), the total ow rate at which downloaders leave the system

without having downloadedthe ertire le. By de nition, the ow rate into state x;(t) is ;.
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Hence,the time-evolution of (x(t); x2(t)) is governed by the following di erential equations

dxi(t) _
dat !

iXi (1) min(axi(t); i iCixi®)+yi)+ @ k) «( kxe()+ y(1) (1)

fori=12andk=3 1.

Similarly, we nd that the total ow rate into state y;(t) is given by the total rate at
which downloadersbecomeseedsnamely ( ixi(t)+ vyi(t) + (1 k) k( kXk(t) + yk(t)) as
explained above, while the total ow rate out of state y;(t) is simply ;yi(t). This givesthe

following equationsfor the time-evolution of (y1(t);y2(t))

dy; (t)
dt

=min(Gxi(t);, i i(ixiM+yi®))+ @ W «(kXc@®+ ) avi) (2

fori=1,2andk=3 .

Equations (1)-(2) fully de ne the systemdynamics.

We will be particularly interested in the casewhere downloaders leave the system at
once when they have completed their download, namely 1= ; = 1= , = 0. There are two
reasonswhy we will be consideringthis situation. First, it will yield much more tractable
equations, as shavn next. Second,this caserepreseints a worst-casesituation, where peers
are not willing to cooperate, and leave the systemas soon asthey have downloadedthe le.
In this case,they never becomeseeds,which implies y;(t) = 0 for all t > 0. As a result,
system (1) reducesto

dxi(t) _
dt !

iXi(t) min(Gxi(t); i ixi(t)+ @ k) kxk(t)) )

fori=1,2and k= 3 i, where

P= e (4)
Note that
G> i; i=12 (5)
sincewe have assumedthat ¢ iand0< ;< 1. In matrix form (3) writes
X(t) = A (xqy x(1) + b (6)

with x(t) := (X1(t);x2(t))T andb = ( 1; )T (asusualv'™ denotesthe transposevector

of the vector v). In (6) is an integer-value mapping, taking valuesin 2 f1; 2; 3;4g, given
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by
(x) = 1+2 1(cixg 1 1X1+ (1 2) 2 2X2)+ L(CoXx2 2 2 2X2+ (1 1) 1 1x1) (7)

for x = (x1;X2), where 1(A) denotesthe indicator function of the event A (i.e. 1(A) = 1 if
A holds and zero otherwise). The mapping is called a switching condition and a system
like (6) is called a switched system[6, 5]. The 2-by-2 matrices A;, i = 1;:::;4, can easily be
identi ed from (3).

The model where 1= ; = 1= 5, = 0 will be referred to as the no-seed model. A natural
questionis: how do downloadersever get any chunk if there are no seeds?Here, we make a
distinction betweentwo notions of seeds. A BitT orrent-lik e system needs,at startup time,
at least one seed,for as long as it needsto upload (at least) a complete copy of the le.
Though this bootstrap seedis mandatory to make the le available, it may leave long before
the systemreachesa steady-state. Therefore, its role is limited to starting the torrent, and is
negligible on the long-term. Note that the generalsystem (1)-(2), aswell asthe single-class
model in [7], also neglectthis bootstrap seed,sincethe systemmay have a nonzerosolution
even if yj(0) = 0 for i = 1;2. Downloaders which have a complete copy of the le, on
the other hand, will have an impact on the steady-state sincethey belongto the long-term
dynamics of the system. Theseregular seedsare consideredin (1)-(2), whereasthe no-seed
model assumeghey leave the systemimmediately.

We concludethis sectionby intro ducing the cost functions that we will considerthrough-
out the paper. Let ; bethe download cost of peersof classi, which is de ned asthe expected
download time given that the peer completesthe download. An analytic expressionfor |
can easily be derived as follows. Assumethat x;(t) has a stationary regime, denoted by x;.
By Little's formula, the expecteddownload time T; for peersof classi is givenby T; = X;= ;.
On the other hand, the stationary probability p; that a classti peer completesits download

isp = (i iXij)= i. Therefore, the download cost for peersof classi takesthe form

Xi .
= —; 1i=1L2 8
T 8
In the next two sectionswe shall addresstwo di erent problemscorresponding to di erent

subsetsof (static) allocation policies: ( 1; 2) = ( ;1 ), referredto asthe servicedi er-



ertiation problem (Section 3), and ( 1; 2) = ( ; ), referredto asthe bandwidth diversity

problem (Section 4). Both problemswill be consideredfor no-seedmodels.

3 Resource Allo cation Policy for Service Dieren tiation

In this section we addressthe servicedi erentiation problem for the no-seedmodel (unless
otherwise mertioned). For the sake of simplicity we further restrict the analysis to the
casewhere all peershave the same download/upload bandwidths and the same e ciency
parameters. In other words, we assumethat 1= ; = 0,¢g=¢, = and ;= fori=1;2.
Wedene =

We recall that the service di erentiation problem corresponds to the situation where

1=1 2= (seeend of Section 2).

Our goal is to resolwe the resulting system of di erential equations (seebelow) and de-
termine the download cost (de ned in (8)) of the two classesof peers. In particular, we
shall shaw that di erential servicecanindeedbe provided to the two classesof peersvia the
allocation parameter

Under the above assumptionsthe system of di erential equations (3) governing the dy-

namics of (x1(t); x2(t)) simplies to

) = () min(oxa(t);  (xat) + Xa(t)) ©
S = () min(oa(); @) (Xa(t) + Xa(1))

In matrix notation this systemis given by (6) with the switching condition (x = (X1;X2))
(x)=1+2 1(cx (X1 +Xx2)) +1(cxa (1) (X1+ X2)): (10)

We introduce the new parameters

c +
a; = max 0;1 Calat )
. c +
a; = min 1;71(2 )

with D= ( 1( 2+ 0+ 2( 1+ 0).

Proposition 3.1 belov computesthe equilibrium point of the switched system (9).



Prop osition 3.1 (Equilibrium  point for service dieren tiation) Regardless of the

initial condition x(0), the systemof eguations (9) hasa unique equilibrium point x given by
I

2+°, jc if 0 <a
2

o+ @ D)) 2 20+ ) ()
202+ )+ 11 ) T 22+ )+ 11 )

if a; az (ll)

1 )

if a, < 1.
1+C 2+(1 ) " e

Pro of. We rst ched that if limy; X (t) exists, then it is given by (11).
Assumethat limy; x(t) = x. Letting t! 1 in (6) yields

A(X)X+b:0 (12)

where isgivenin (10). We considerseparatelythe four systemsof linear equationsobtained
from (12) when(a) (x)=1,(b) (x)=2,(c) (x)=3and(d) (x)=
(@ (x)=1orequivalertly cx; <  (Xg+ Xz) andexa < (1 ) (X1 + X2).

The download rate is the bottleneck for both classesof peers. We nd

xT = r .2z . (13)
1+C 2+C

(b) (x) = 2orequivalently cx; < (Xp+ xp)andcx, (1 ) (Xg+ X2).
The bottleneck is the download rate for class-1peersand the upload rate for class-2peers.

We nd ( | !
T — 1 . 2 1 11+C .
T v ar@ ) ' =

(c) (x) = 3orequivalerntly cx; (Xg + x2) and cx, < (1 ) (X1 + X2).
The bottleneck is the download rate for peersof class2 and the upload rate for peersof

class1. In this case !

T _ 1 ofc. 2 .
X' = o+ o (15)
(d) (x) = 4 or equivalertly cx; (Xg+ xp2) andex, (1 ) (X1 + X2).
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The bottleneck is the download rate for both classesof peers. The equilibrium point is

r_  al2+4@ )) 2 202+ ) (1 )
X7 201+ )+ 1@ ) o201+ )+ 1) (18)

In the following, we call \t ype- equilibrium" the equilibrium found when (x) = i.

The next step is to ched if a type- equilibrium may exist, namely, if (x) = 1 (resp.
x) =2, (x)=3, (x)=4) whenx is given by (13) (resp. (14), (15), (16)).

It is easily seenthat a type-1equilibrium may only exist if ¢ . Sincethis condition is
never met (use (5) with ¢ = cand ; = ) we concludethat there is no type-1equilibrium.

Recallthat 0 1. We prove in Appendix A that atype-2equilibrium may only exist
if ap < 1. The sametype of analysis shows that a type-3 equilibrium may only exist if
0 < a;, and that a type-4 equilibrium may only exist if a; ap.

This concludesthe proof that, if lim¢; X (t) = x exists, then x is given by (11) (regard-
lessof the initial condition).

We now turn to the proof that lim;;; x(t) exists. To this end, we investigate the nature

of the equilibrium of ead of the linear systemsx(t) = A; x(t) + b, for i = 2; 3; 4, with

0 1 0 1
A= @ (1+0 0 A A =@ (2%t ) A
(O (2+(1 )) 0 (2+0)
and 0 1
A= @ (1+ ) A

@ ) (2+(@ 1))

Recall that the equilibrium of the system x(t) = A; x(t) + b is stable if and only if all
eigervalues of the matrix A; have strictly negative real parts [4]. It is easily seenthat
A, and A3z have two strictly negative eigervalues,givenby ( ( 1+ ¢); (2+ (1 ) )
and ( (1+ ); ( 2+ <), respectively. The same property holds for A4. To seethis,
denote by D(c;r) the closed disc of certer ¢ and radius r in the complex plane. From
Gersgorin circle theorem [2, p. 344] we know that both eigervalues of A, lie in the region
D( : 7 ) D( 2 (1 ) ;@A ) ), from which the result follows.

We have now proved the local stability of the equilibrium of ead linear subsystemof (9).

Howevwer, a rigorous proof of the global stability of (9) would require more attention. For
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brevity, we do not addressthis problem here. The interested reader can refer to [5] for the
stability of linear switched systems.
In summary, we have shown that for a given value of , a unique equilibrium exists, is

givenin (11), and is stable. This completesthe proof. [

How can we achieve a target QoS ratio k?

It is now possibleto achieve servicedi eren tiation using parameter as follows.
The goal is to di erentiate the download costs ; and , of class-1and class-2peers,

respectively. Thesecostsare given in the next proposition.

Prop osition 3.2 (Do wnload costs for service dieren tiation) In a no-seed model,

the downlaad cost ; of classi peersin the service di er entiation problemis given by:

_ 1( 2+ 0 2 . _1 :
UG e ) o <A
_ a1l 2t 1+ 2). _ 21 1t 1t 2 .
1_1 (21+ 12) ro2T (1( +)§21++12) "2 &
_ 1. — 201+ C 1 1 .
1S 2@ ) (2% av) TS

First, note that in the servicedi eren tiation problem, we consideredthe static allocation
policy ( ;1 ). Sincethe two classeshave the samebandwidth characteristics (i.e. ¢; = ¢,
1 = ) and the samee ciency parameters( ; = ), this policy results in a download
costtradeo governedby . This tradeo is represened in Figure 2.
There are at leasttwo ways to achieve servicedi erentiation. The rst oneisto guarartee
a subscribed download cost for oneclass(e.g. ;= for peersof class1) with no constraint
on the download cost of the other class. This can be done by assigningto the parameter
the (unique) root in [0; 1] of the linear mapping ! 1 , where ; isgivenin Proposition
3.2
The secondoneis to achieve atarget download costratio k between rst- and second-class
peers,namely
2=k (17)
1
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Figure 2: Download costtradeo ( 1= »=10;1 1= ,= = 10;%c=10 9

The parameter is then obtained as the (unique) root in [0; 1] of the (either linear or
quadratic) mapping ! .= 1 k. For a given set of parameters (seecaption), Figure 3
reports the value of that satis es (17) asa function of k, for k 2 [1;300].

We concludethat servicedi eren tiation in BitT orrent-lik e networks can easily be achieved

through the single parameter

What if users stay connected after the download?

All the results obtained so far in this section have beenderived under the assumption that

there are no seedsin the system. As already obsened this casecan be seenas a worst-case
scenario,where peersare sel sh and leave the system as soon as they have downloaded the

le.

In this section, we relax the no-seedassumption. In other words, we assumethat down-
loadersdo not leave the systemimmediately after they have downloadedthe le, but cortinue
to upload chunks to the other peersfor sometime of averageduration 1= ; > 0 for classt
peers.

In this more general setting the time-evolution of the system s given by the system of

12
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di erential equations (1)-(2), with ( 1; 2) = ( ;1 ). We still assumethat ; = »,
¢t = ¢ and 1 = 5 (these assumptionscould be relaxed). The analysis of this system

is much more complex than that of the no-seedmodel. While it is still easyto compute
the stationary solutions of (1)-(2) in explicit form, it is much more complex to study the
existence and stability of these solutions. However, there is no dicult y to numerically
compute the steady-state of these equationsoncenumerical valueshave beenassignedto the
system parameters.

This has beendone for the following set of parameters: ; = , = 10 ! peers/s, ; =
»= =104% Yc=103s 1 ;= , = 0:9. These parameters are rounded values of
typical valuesestimated usingthe statistics in [3] in particular. Wealsoassumed ; = ;=

For given valuesof and 2 (0;1) we have computed the ratio of download costs
R = ,= ; for the seedmodel and the ratio of download costsr = ,= ; for the no-seed
model.

We have found that for = c, the relative error jR  rj=R averages1%. For ¢, this
relative error rapidly decreasesmaking the no-seedmodel very-well suited for the service

di erentiation problem. For < c, the relative error rapidly increases,making a numerical
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estimation of necessaryusing(1)-(2).

4 Bandwidth Div ersity

We now addressthe bandwidth diversity problem for the no-seedmodel (1= ; = 0 for i =
1;2). We consider two classesof peerswith dierent bandwidths (e.g., ADSL usersand
corporate users). Recall that the bandwidth diversity problem we consideris characterized
by 1= .= (seeSection?2).

Our rst objective is to determine the download cost for ead classof peers. Then, we
will nd a static allocation policy ( ; ) that minimizes the maximum download cost of
both classes.With a slight abuseof notation a static allocation policy ( ; ) will simply be
referred to as an allocation  from now on.

Under the aforemertioned assumptionsthe system of di erential equations(3) becomes

dé(Tl = 1 1X1 min(cixy;  axat+ (1) 2X2) 18)
dé(TZ = 2 2X>  min (C2X2; (1 ) 1X1 + ZXZ):

In matrix notation the system (18) is given by (6), with the switching condition
(X)=1+2 1(cx Xt (1) 2x2)+ L(exz (1) wxat 2Xz): (19)

For the sake of compactnesswe intro duce the new parameters

2 201+ ) a(c 2+ 1 2)

1 1(2+C) © 2 1+ Cp)
az ;= = 20a
3 2 2(1%v¢C) 1(12¥2 12 €1 2) & 11(2+¢C) 2 2(1+c¢y) (202)
1 1(2+ )  2C1+ 2 1) 2 201+¢C) ¢ 1( 2+ )
as = = 20b
° 11(2+¥c) 2(21+v121 C 1) 2201+ca) 11(2+0) (200)
di=(2+ 2(1+ 1) @ )12 (20c)
We also de ne the elemeriary conditions
(CL): (CL 2+ 1 2) 2 2( 1+ 1) and 0 < a3 (21)
(C): C 2( 1+ 1) 1 1( 2+ ) or 2V 1 (22)
(X): 20C 1+ 2 1) 1 1( 2+ ©) and 0 < as (23)
(&4 L 1( 2+ @) 2 2( 1+ ¢Cp) or ap L (24)
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Furthermore, let us de ne the following set of conditions

(D2) = (CY[ (@)
(D3) = (B[ (&)
(D4) = (not (C1))[ (not (GI)):
The above de nitions imply that (D4)\ (D2) = (D4)\ (D3) = ;, where; denotesthe

empty set. However, (D2)\ (D3) is not necessarilyempty, sothat (D2) and (D3) may hold
simultaneously for somesets of parameters. Finally, we de ne the two-dimensional vectors

Xi, 1 = 2;3;4, by
!

_ 1, 2 (1 ) 1014.11
X2 - i
C+ 1 2t 2 |
B 1 @@ ) 25+ . 2 .
X3 - ]
1+ 1 2+t G
_ 12+ 2) (X )22 202+ 1) (T )11
Xa = d ! d

where d is de ned in (20c). Proposition 4.1 below investigatesthe steady-state behavior of

the switched system (18).

Prop osition 4.1 (Equilibrium  for bandwidth div ersit y) The systemof di er ential

equations (18) has a unique equilibrium point x given by

% X3 regardlessof x(0); if (D2) holdsand (D3) does not hold

« = X1 regardlessof x(0); if (D3) holdsand (D2) doesnot hold (25)
% X5 regardlessof x(0); if (D4) holds
- xJ or x] depending on x(0); if (D2) and (D3) hold simultaneously.

Pro of. As in Section 3, we rst assumethat limy; Xx(t) exists and ched that it is given
by (25). Letting t! 1 in (6) yields (12), where is now given by (19).
We considerseparately the four systemsof linear equations obtained from (12) when (a)
x)=1,(bb) (x)=2,(c) (x)=3and(d) (x)=4.

(@ (x) = 1orequivalertly c;x; < X1+ (1 ) 2X2 and %2 < (1 ) 1X1 + 2X2.
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The download rate is the bottleneck for both classesof peers. We nd

xT = S (26)
1+ C 2+ C

(b) (x) = 2or equivalertly ¢;x; < X1+ (1 ) 2x2 and X, (1 ) 1Xa+  2Xo.
The bottleneck is the download rate for class-1peersand the upload rate for class-2peers.
We nd I

XT — 1 : 2 (1 ) 1C1+1 1 : (27)
1+t C 2t 2
(C) (X) = 3or equivalertly C1X1 1X1 + (l ) >Xo and CoXo < (l ) 1X1 + 2Xo.

The bottleneck is the download rate for peersof class2 and the upload rate for peersof

class1. In this case !

XT _ 1 (1 ) 2(:2+2 > : 2 : (28)
1+ 1 2t G
(d) (x) = 4 or equivalertly c;x; X1+ (1 ) 2xz2 and X, (1 ) 1X1+  2Xo.

The bottleneck is the download rate for both classesof peers. The stationary solution is

T = 1( 2+ 2)d(1 )22; 2( 1+ 1)d(1 ) 11 (29)

whered is de ned in (20c).
The next step is to ched if a typed equilibrium may exist, namely, if (x) = 1 (resp.
x) =2, (x)=3, (x)=4)whenx is givenby (26) (resp. (27), (28), (29)).

It is easily seenthat a type-1 equilibrium may only existif ¢; 1+ ¢ » 11+ 2 2.
Sincecg >  fori = 1;2 (see(5)) we concludethat there is no type-1 equilibrium, where
both classeswould saturate their download capacity.

A simple analysis, similar to that in Appendix A, shows that a type-2 equilibrium only
existsif (21) and (22) are true, and that a type-3equilibrium only existsif (23) and (24) are
true. For the existenceconditions of a type-4 equilibrium, we also usethe stability condition
(30) below, in addition to (x) = 4, to get the following condition: (not (21)) and (not (23)).
It happensthat conditions for = 2and = 3 are not mutually exclusive. When they are
simultaneously satis ed (i.e., (D2)\ (D3) holds) then the steady-stateis given either by (27)

or (28) depending on the initial conditions.
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We now turn to the proof that limy;  x(t) exists. Namely, we investigate the nature of

the equilibrium of ead of the linear systemsx(t) = A; x(t) + b, for i = 2; 3;4, with
0 1 0 1

C 0 1
A2:@ 1 1 A A3:@ 1 1 ( )ZA
T ) 2 2 0 s G
and 0 1

A=@ 1 1 T )2n,.
@ ) 2 2

It is easily seenthat the matrices A, and A3 have two strictly negative eigervalues. The

eigenvaluesof the matrix A4 are the roots in  of the polynomial

det(As 1) = (1+ 1+ )2+ 2+ ) (1 )i

|
N}
+
~~
=
+
=
+
N
+
N
N
+
o

wherel denotesthe 2 2identity matrix. The roots of this polynomial have strictly negative
real parts if and only if their product is strictly positive and their sum is strictly negative,
which is equivalent to

d> 0 (30)

This shows that all equilibria are stable, which concludesthe proof. [
We now compute the download costs ; and , assaiated with ead equilibrium point
found in Proposition 4.1.

In order to simplify the notation, we introduce the following two-dimensionalvectors

R 2(1tc) 1 )1
2 c’ 211+ (2201+0) 11 2)
: l2+c) @ )22 o1

122% (11(2%v@) 122 ©
. (12 22+ 201+ 2)
2021 110+ (11(2%22) 122)

21 11+ 1( 1t 2)
(12 22+ (2201421 21 1)

The next proposition partially characterizesthe download costs ; and .
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Prop osition 4.2 (Do wnload costs for bandwidth diversity) In a no-sed model, the

vector of downlaad costs( 1; ») in the bandwidth diversity problemis given by

8
% "o regardlessof x(0); if (D2) holdsand (D3) does not hold
(1 )= ‘3 regardlessof x(0); if (D3) holdsand (D2) does not hold
1, 2) —
g ' 4 regardlessof x(0); if (D4) holds
© ', o0r' 3 depndingon x(0); if (D2) and (D3) hold simultaneously.
Pro of. The proof directly follows from Proposition 4.1 and (8). [

How can we minimize the highest download cost?

In the bandwidth diversity problem, se\eral optimization problems could be considered. For
instance,onemay wishto nd an allocation that yields the samedownload costs. Another
objective could beto minimize alinear combination of the download costs. However, asshawvn
in Proposition 4.2, it isdi cult to analytically determine ; and , whenewr (D2)\ (D3) 6 ;,
and thereby to solve the above optimization problems.

Instead, we will seekto minimize the maximum download cost over all initial states and
over all classes. To this end, we introduce the mapping ! E( ), called the envelog
function, de ned by

E()= max max ;:
2f 2;3;4g i2f 1;2¢g

Our objective is to minimize the envelope function as a function of

We now useProposition 4.2 to calculate the value of that minimizes E( ). In Figures
4 and 5, the envelope function is represened along with the possiblevaluesof ( 1; ) for
in (0;1), for two di erent set of physical parameters.

In Figure 4, we obsene that E( ) is minimal for a single value of , when = 4 and

1 = 5. In this case,the exact value of that minimizes the maximum download cost

can be found by solving 1 = , using Proposition 4.2. Note that in Figure 4, we have
both type-2 and 3 equilibria for 0:32. The steady-state is then determined by initial

conditions.
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In Figure 5, E( ) is minimal on a whole interval on which it is equal to the constart
download cost ; when = 2. In this case,the interval can also be determined using
Proposition 4.2, by solving ; = , for = 2 for the lower bound, and by determining
the maximum value of that satises (21) and (22) for the upper bound. Note that in
Figure 5, condition (23) and (24) are never satis ed simultaneously with this set of physical
parameters, sincewe do not have a type-3 equilibrium.

In any case, nding the value of that minimizes the worst download cost, amourts to
solve a linear or quadratic equation 1 = 5 usingthe appropriate expressionin Proposition
4.2,

We conclude that for a given physical set of parameters, it is possibleto accourt for

bandwidth diversity in BitT orrent-lik e networks through parameter

5 Conclusions and Perspectiv es

In this paper we preseried a simple multiclass uid model for BitT orrent-lik e distribution
systems. We successfullyapplied this model to account for two speci ¢ problems: service
di erentiation and bandwidth diversity. We mainly focusedour attention to the special case
wherepeerssel shly leave the systemimmediately after their download (\no-seed case"). For
both the servicedi erentiation and bandwidth diversity problems, we have de ned a single
parameter that de nes a resourceallocation strategy. We shaved how this parameter
a ects the steady-state of the systemand provided closed-formexpressiongor the successful
download time in ead case.In addition, we shaved how this parameter canbe chosensoas
to achieve a target quality of serviceratio (download time ratio) for the servicedi eren tiation
problem. We also quanti ed the impact of the no-seedassumption on this result through a
numerical resolution of the general problem. For the bandwidth diversity problem, we also
showed how it is possibleto chooseparameter soasto minimize the highest download time
betweentwo classesof peers.

Many open problemsremain. In particular, we intend to comparethe results of our model
to a simulation of areal P2P le disseminationsystem. Another problem for further researd

is the study of dynamic resourceallocation, where would depend on the classpopulation.
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A Service Dieren tiation: Type-2 Equilibrium

In this appendix we show that a type-2 equilibrium exists for 2 [0;1] if and only if
a < 1, where a, is de ned in Section 3.

By de nition, atype-2equilibrium existsif x = (X1;X2) givenin (14) is such that (x) =
2, to which we needto add the condition that x, 0 (note that x; is always nonnegative).

Equivalertly, we needto nd the valuesof in [0;1] such that

2 (1)
c < —_—

2+ (1)

2 (1) 2 (1)

c——— 1 + =~
@) ¢ @)
2 (1 ) 0
wherewe have set = 3;=( 1+ ¢). The rst two conditions expressthe identity (x) = 2

and the third condition expresseghe constraint x, 0.
Straightforward algebrashaws that theseconditions are simultaneously met for 2 [0; 1]
if and only if

+ + +
S calet ) and max 1 2( 1 C);l 2( 1+ 0
D D 1

(31)
wherewerecallthat D = ( 1( 2+ ¢+ 2( 1+ 0).
Let us rst comparec 1( o+ ))=Dtol c ,( 1+ ¢))=D. We have

ci( 2+ ) 1 c2(1+0)

D D :%(01(2‘* )*co2(1+c D)

= 2ot )+ (a4 (a(2+ 9+ o1+ )
= 2 N aat o 1+0)

We have obsened earlier in the proof of Proposition 3.1 that ¢ > , which shaws that
ci(2+ )=D>1 c(1+0)=D.
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We now comparec 1( 2+ ))=Dtol (1+¢)= 1 ). Wehave

cal2*+ ), 20109
D 1

= iCi(z+ ) D1+ 2(1+0D
D i

= 7D11 (1 (c1(2+ ) 1(2+0) W1+ 0+ 2(1+0( 2+0)
+ 3(1+0?

= Dil 1(120€ )+ 201+ 9(2+c )N+ 5(1+097 >0

sincec >

In summary we have shown that the conditions (x) = 2andx, 0 will simultaneously
hold for 2 [0;1] if and only if > min(1;¢c 1( 2+ ))=D) = a,, which is the announced

result. n
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